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Optimization-Based AMP for Phase Retrieval: The
Impact of Initialization and £, Regularization

Junjie Ma™, Ji Xu, and Arian Maleki

Abstract— We consider an {;-regularized non-convex optimiza-
tion problem for recovering signals from their noisy phaseless
observations. We design and study the performance of a message
passing algorithm that aims to solve this optimization problem.
We consider the asymptotic setting m,n — oo, m/n — § and
obtain sharp performance bounds, where m is the number of
measurements and » is the signal dimension. We show that for
complex signals, the algorithm can perform accurate recovery
with only m = ((64/7:2) — 4)n ~ 2.5n measurements. Also,
we provide a sharp analysis on the sensitivity of the algorithm
to noise. We highlight the following facts about our message
passing algorithm: 1) adding ¢, regularization to the non-convex
loss function can be beneficial and 2) spectral initialization has
a marginal impact on the performance of the algorithm. The
sharp analyses, in this paper, not only enable us to compare the
performance of our method with other phase recovery schemes
but also shed light on designing better iterative algorithms for
other non-convex optimization problems.

Index Terms— Phase retrieval, Wirtinger flow, amplitude flow,
approximate message passing, phase transition.

I. INTRODUCTION
A. Informal Statement of Our Results

HASE retrieval refers to the task of recovering a signal
xx € C™! from its m phaseless linear measurements:

n
E AgiXy i

i=1

Ya = +wy,, a=1,2,...,m, (L.1)

where x.; is the ith component of x., and w, ~ CN (0, 03))
a Gaussian noise. Throughout this paper, we assume that
Agi ~ CN(0,1/m) and {A,;} are independent identically
distributed (i.i.d). The recent surge of interest [1]-[23] has
led to a better understanding of the theoretical aspects of
this problem. Thanks to such research we now have access
to several algorithms, inspired by different ideas, that are
theoretically guaranteed to recover x, exactly in the noiseless
setting. Despite all this progress, there is still a gap between
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the theoretical understanding of the recovery algorithms and
what practitioners would like to know. For instance, for many
algorithms, including Wirtinger flow [4], [5] and amplitude
flow [6], [7], the exact recovery is guaranteed with either
cnlogn or cn measurements, where c is often a fixed but large
constant that does not depend on n. In both cases, it is often
claimed that the large value of ¢ or the existence of logn is an
artifact of the proving technique and the algorithm is expected
to work with cn for a reasonably small value of ¢. However,
such claims do not address the following questions:

Q.1 Which algorithm should we use? Since the theoretical
analyses are not sharp, they do not shed any light on the
relative performance of different algorithms. Answering
this question through simulations is very challenging
too, since many factors including the distribution of the
noise, the true signal x,, and the number of measure-
ments may have impact on the answer.

When can we trust the performance of these algorithms
in the presence of noise? Suppose for a moment that
we know the minimum number of measurements that
is required for the exact recovery through simulations.
Should we collect the same number of measurements in
the noisy settings too?

What is the impact of initialization schemes, such as
spectral initialization? Can we trust these initialization
schemes in the presence of noise? How should we
compare different initialization schemes?

Q.2

Q3

Researchers have developed certain intuition based on a
combination of theoretical and empirical results, to give
heuristic answers to these questions. However, as demonstrated
in a series of papers in the context of compressed sensing,
such heuristics are sometimes inaccurate [24]. To address
Question Q.1, several researchers have adopted the asymptotic
framework m,n — oo, m/n — 0, and provided sharp
analyses for the performance of several algorithms [20]-[22].
This line of work studies recovery algorithms that are based on
convex optimization. In this paper, we adopt the same asymp-
totic framework and study the following popular non-convex
problem, known as amplitude-based optimization [7], [6]:

m
- u
min Zl(ya — 1(Ax)a)® + ZI1x13. (12)
where (Ax), denotes the a-th entry of Ax. Note that com-
pared to the optimization problem discussed in [6] and [7],
(I.2) has an extra {-regularizer. Regularization is known to
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reduce the variance of an estimator and hence is expected to
be useful when w # 0. However, as we will try to clarify later
in this section, since the loss function > ", (y4 — |(Ax)a|)2
is non-convex, regularization can help the iterative algorithm
that aims to solve (I.2) even in the noiseless settings.

Since (I.2) is a non-convex problem, the algorithm to solve
it matters. In this paper, we study a message passing algorithm
that aims to solve (I.2). As a result of our studies we

1) present sharp characterization of the mean square error

(even the constants are sharp) in both noiseless and noisy
settings.

2) present a quantitative characterization of the gain initial-

ization and regularization can offer to our algorithms.

Furthermore, the sharpness of our results enables us to
present a quantitative and accurate comparison with convex
optimization based recovery algorithms [20]-[22] and give
partial answers to Question Q.1 mentioned above. Below we
introduce our message passing algorithm and informally state
some of our main results. The careful and accurate statements
of our results are postponed to Section II.

Following the steps proposed in [25], we obtain the fol-
lowing algorithm, called Approximate Message Passing for
Amplitude-based optimization (AMP.A). Starting from an ini-
tial estimate x0 € C"*!, AMP.A proceeds as follows for ¢ > 0:

o= Ax Ml 8Ty
0 —div,(g/—1)
xt =, (xt+AH g(PI,Y) )
_dlvp(gt)
In these iterations
s(py) =y 2= p,
Ipl
and
A = _divp(gt)
—div,(g) + px (0 + 3)
SRS

1
——— 12 ..
o —div, (g1

In the above, p/|p| at p = 0 can be any fixed number
and does not affect the performance of AMP.A. Further,
the “divergence” term div,(g;) is defined as

1 i 1 (6g(p;, va) _.08(Pg, ya))
m < 12 opk orl

I1>

divp(gt)

= L3
2lpa -9

where pX and pé denote the real and imaginary parts of p/,
respectively (i.e., p’, = pX +ipl). The derivations of AMP.A
can be found in Appendix A of the ArXiv preprint [26].

The first point that we would like to discuss here is the
effect of the regularizer on AMP.A. For the moment suppose
that the noise w is zero. Does including the regularizer in
(I.2) benefit AMP.A? Clearly, any regularization may introduce
unnecessary bias to the solution. Hence, if the final goal is
to obtain x, exactly we should set 4 = 0. However, the
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optimization problem in (I.2) is non-convex and iterative
algorithms intended to solve it can get stuck at bad local
minima. In this regard, regularization can still help AMP.A to
escape bad local minima through continuation. Continuation is
popular in convex optimization for improving the convergence
rate of iterative algorithms [27]. In continuation we start with
a value of x for which AMP.A is capable of finding the global
minimizer of (I.2). Then, once AMP.A converges we will
either decrease or increase u a little bit (depending on the final
value of u for which we want to solve the problem) and use the
previous fixed point of AMP.A as the initialization for the new
AMP.A. We continue this process until we reach the value of
1 we are interested in. For instance, if we would like to solve
the noiseless phase retrieval problem then x should eventually
go to zero so that we do not introduce unnecessary bias. The
rationale behind continuation is the following. Let x4 and u’ be
two different values of the regularization parameter, and they
are close to each other. Suppose that the global minimizer of
(1.2) with regularization parameter x’ is x(¢) and is given to
the user. Suppose further that the user would like to find the
global minimizer of (I.2) with u. Then, it is conceivable that
the global minimizer of the new problem is close to x(x').!
Hence, the user can initialize AMP.A with x () and hope that
the algorithm may converge to the global minimizer of (I.2)
for u.

A more general version of the continuation idea we dis-
cussed above is to let x4 change at every iteration (denoted
as u'), and set A, according to u’:

_ _din (gt)

—div,(g) + u' (i +3)’
This way we can not only automate the continuation process,
but also let AMP.A decide which choice of u is appropriate
at a given stage of the algorithm. Our discussion so far has
been heuristic. It is not clear whether and how much the
generalized continuation can benefit the algorithm. To give
a partial answer to this question we focus on the following

particular continuation strategy: u’ Hii%@’
the following version of AMP.A:

(1.4)

and obtain

(I.5a)

2 _
p'=Ax' = S0 Ly,

X = 2 [=divy(e) X'+ AT (', )]

Below we informally discuss some of the results we will
prove in this paper.

Informal Result 1: Consider the AMP.A algorithm for
complex-valued models (where both A and x, are complex-
Valued) With ut = 1RV, &0) Under the noiseless setting,

(I.5b)

1427
if 0 > F —4 = 2.5, then x’ “converges to” x, as long as the
initial estimate x° is not orthogonal to x, and %01 = [|xx]l.

When 2 < 0 < 2—4 — 4, AMP.A has a fixed point at x..
However, it has to be initialized very carefully to reach x..
Before we discuss and explain the implications of this result,
let us expand the scope of our results. This extension enables
us to compare our results with existing work [20]-[22]. So far,

IGiven the sometimes complex geometry of non-convex problems, this
might not always be the case.

Authorized licensed use limited to: Harvard Library. Downloaded on April 16,2020 at 00:48:19 UTC from IEEE Xplore. Restrictions apply.



3602

we have discussed the case x, € C". However, in some
applications, such as astronomical imaging, we are interested
in real-valued signals x, € R". In Section II, we will
introduce a real-valued version of AMP.A. The following
informal result summarizes the performance of this algorithm.

Informal Result 2: Consider the AMP.A algorithm for real-

. . 242di .
valued signals with u' = %‘;f‘m. Under the noiseless

setting, if 0 > ”72 — 1 &~ 1.5, then x’ “converges t0” X,
as long as the initialization is not orthogonal to x.. When
l—i—% <0< ”Tz— 1, AMP.A has a fixed point at x .. However,
it has to be initialized very carefully to reach x..

We would like to make the following remarks about these
two results:

1) As is clear from our second informal result, when J§ <
1+ %, AMP.A cannot converge to x,. This value of
is different from the information theoretic lower bound
0 = 1 [28]. This discrepancy is in fact due to the type
of continuation we used in this paper. Note that this
issue does not happen in the complex-valued AMP.A.
The search for a better continuation strategy for the real-
valued AMP.A is left as future research.

2) Simulation results presented in our forthcoming
paper [29] show that for real-valued signals, AMP.A
with ¢ = 0 can only recover when 0 > 2.5. As men-
tioned in our second informal result, continuation has
improved the threshold of correct recovery to J ~ 1.5.

3) How much does spectral initialization improve the per-
formance of AMP.A? To answer this question, let us
focus on the real-valued signals. As discussed in our sec-
ond Informal result, two values of J are important for
AMPA: § = & — 1~ 15and 6 = 1 + % ~ 14,
If 0 > 1.5, then AMP.A recovers x, exactly as long as
the initialization is not orthogonal to x,. In this case
spectral method helps, since it offers an initialization
that is not orthogonal to x,. However, if the mean of x,
is not zero, a simple initial estimate 1 = [1, 1, ..., 117
can work as well as the spectral initialization. Hence,
in this case spectral initialization does not offer a major
improvement. A more important question is whether
spectral initialization can help AMP.A to perform exact
recovery for & < 1.5. Our forthcoming paper [29] shows
that the answer to this question is negative. Hence,
as long as the final estimate of AMP.A is concerned,
the impact of spectral initialization seems to be marginal.

Now let us discuss the performance of AMP.A under noisy
settings. We assume that the measurement noise is Gaussian
and small. Clearly, in this setting exact recovery is impossible,
hence we study the asymptotic mean square error defined as
the following almost sure limit (6, L/ % (x4, x1))

lx" — x5

AMSE(d,02) £ lim lim —— 22, (1.6)
t—0o00n—00 n

Informal Result 3: Consider the AMPA algorithm

) . ¢ 142divp(g)

for complex-valued signals with u =
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Let 6 > % —4~2.5, then

AMSE(d,02) 4

620 ol -2

1.7)

Notice that the above result was derived based under the
assumption E[|Aai|2] = 1/m. To interpret the above result
correctly, we should discuss the signal to noise ratio of each
measurement. Suppose that %||x>,<||2 = 1. Then the signal to

noise ratio of each measurement is IE[ ’Zl Aa,-x*,,-’2 ]/auz) =

(50%. In other words, as we increase the number of measure-

w . . .
ments or equivalently J, then we reduce the signal to noise
ratio of each measurement too. This causes some issues when

we compare the AMSE(J, ¢2) for different values of 6. One
~2
easy fix is to assume that the variance of the noise is auz) = %

where 2 is a fixed number. Then we can define the noise

sensitivity as
AMSE(0, 52)

52
O

NS(5,,0) =

It is straightforward to use (I.7) to show that NS(G,,, d) = %.
Note that if we use AMP.A with 0 ~ damp, then the noise
sensitivity is approximately 8. If this level of noise sensitivity
is not acceptable for an application, then the user should col-
lect more measurements to reduce the noise sensitivity. Noise
sensitivity can also be calculated for real-valued AMP.A:

Informal Result 4: Consider the AMP.A algorithm for real-
v;lued signals with u' = %;"n(g’). Let § > ”4—2 —1~1.5,
then

AMSE(0, 52) 1
m =

N e 4)
+4 1

B. Related Work

1) Existing Theoretical Work: Early theoretical results on
phase retrieval, such as PhaseLift [1] and PhaseCut [30],
are based on semidefinite relaxations. For random Gaussian
measurements, a variant of PhaseLift can recover the signal
exactly (up to global phase) in the noiseless setting using
O (n) measurements [31]. However, PhaseLift (or PhaseCut)
involves solving a semidefinite programming (SDP) and
is computationally prohibitive for large-scale applications.
A different convex optimization approach for phase retrieval,
which has the same O(n) sample complexity, was indepen-
dently proposed in [8] and [9]. This method is formulated
in the natural signal space and does not involve lifting, and
is therefore computationally more attractive than SDP-based
counterparts. However, both methods require an anchor vector
that has non-zero correlation with the true signal, and the
quality of the recovery highly depends on the quality of the
anchor.

Apart from convex relaxation approaches, non-convex
optimization approaches attract considerable recent inter-
ests. These algorithms typically consist of a carefully
designed initialization step (usually accomplished via a spec-
tral method [2]) followed by iterations that refine the estimate.
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An early work in this direction is the alternating minimization
algorithm proposed in [2], which has sub-optimal sample
complexity. Another line of work includes the Wirtinger
flow algorithm [4], [32], truncated Wirtinger flow algo-
rithm [5], and other variants [6], [7], [10], [12]. Other
approaches include Kaczmarz method [16], [17], [33], [34],
trust region method [11], coordinate decent [18], prox-linear
algorithm [13], Polyak subgradient method [15], block coor-
dinate descent [35] and PhaseLin algorithm [36].

Most of the above theoretical results guarantee successful
recovery with m = Jn measurements (or more) where o
is a fixed often large constant. However, such theories are
not capable of providing fair comparison among different
algorithms. To resolve this issue researchers have started
studying the performance of different algorithms under the
asymptotic setting m/n — ¢ and n — oo. In [8], it is
proved that the PhaseMax algorithm succeeds when 6 > 2
(for complex-valued models), where a is a constant that
depends on the angle between of anchor vector and the true
signal vector. An interesting iterative projection method was
proposed in [37], whose dynamics can be characterized exactly
under this asymptotic setting. However, [37] does not analyze
the number of measurements required for this algorithm to
work. The work in [14] provides sharp characterization of
the spectral initialization step (which is a key ingredient to
many of the above algorithms). The analysis in [14] reveals
a phase transition phenomenon: spectral method produces an
estimate not orthogonal to the signal if and only if J is larger
than a threshold (called “weak threshold” in [19]). Later,
Mondelli and Montanari [19] derived the information-
theoretically optimal weak threshold (which is 0.5 for the
real-valued model and 1 for the complex-valued model) and
proved that the optimal weak threshold can be achieved by
an optimally-tuned spectral method. Using the non-rigorous
replica method from statistical physics, Dhifallah and Lu [20]
analyze the exact threshold of J (for the real-value set-
ting) above which the PhaseMax method in [8] and [9]
achieves perfect recovery. The analysis in [20] shows that
the performance of PhaseMax highly depends on initialization
(see [20, Fig. 1]), and the required J is lower bounded by 2
for real-valued models. On the other hand, AMP.A proposed in
this paper achieves perfect recovery for d > 1.5 under the same
setting. The analysis in [20] was later rigorously proved in [21]
via the Gaussian min-max framework [38], [39], and a new
algorithm called PhaseLamp was proposed. The PhaseLamp
method has superior recovery performance over PhaseMax,
but again it does not work when d < 2 for real-valued models.
Further, Dhifallah and Lu [20] and Dhifallah et al. [21] focus
on the noiseless scenario, while in this paper we also analyze
the noise sensitivity of AMP.A. Finally, a recent paper [22]
derived an upper bound of J such that PhaseLift achieves
perfect recovery. The exact value of this upper bound can
be derived by solving a three-variable convex optimization
problem and empirically [22] shows that J ~ 3 for real-valued
models.

2) Existing Work Based on AMP: Our work in this paper
is based on the approximate message passing (AMP) frame-
work [40], [41], in particular the generalized approximate
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message passing (GAMP) algorithm developed and analyzed
in [25] and [42]. A key property of AMP (including GAMP)
is that its asymptotic behavior can be characterized exactly via
the state evolution platform [25], [40]-[42].

For phase retrieval, a Bayesian GAMP algorithm has been
proposed in [43]. However, [43] did not provide rigorous
performance analysis, partly due to the heuristic treatments
used in the algorithm (such as damping and restart). Another
work related to ours is the recent paper [28] (appeared on
Arxiv while we were preparing this paper), which analyzed
the phase transitions of the Bayesian GAMP algorithms for a
class of nonlinear acquisition models. For the phase retrieval
problem, a phase transition diagram was shown in [28, Fig. 1]
under a Bernoulli-Gaussian signal prior. The numerical results
in [28] indeed achieve state-of-the-art reconstruction results
for real-valued models. However, [28] did not provide the
analysis of their results and in particular did not mention
how they handle a difficulty related to initialization. Further,
the algorithm in [28] is based on the Bayesian framework
which assumes that the signal and the measurements are
generated according to some known distributions. Contrary
to [28] and [43], this paper considers a version of GAMP
derived from solving the popular optimization problem (I1.2).
We provide rigorous performance analysis of our algorithm for
both real and complex-valued models. Note that the advantages
and disadvantages of Bayesian and optimization-based tech-
niques have been a long debate in the field of Statistics. Hence,
we do not repeat those debates here. Given our experience in
the fields of compressed sensing and phase retrieval, it seems
that the performance of Bayesian algorithms are more sensitive
to their assumptions than the optimization-based schemes.
Furthermore, performance analyses of Bayesian algorithms are
often very challenging under “non-ideal” situations which the
algorithms are not designed for.

Here, we emphasize another advantage of our
approach. Given the fact that the most popular schemes
in practice are iterative algorithms derived for solving
non-convex optimization problems, the detailed analyses of
AMP.A presented in our paper may also shed light on the
performance of these algorithms and suggest new ideas to
improve their performances.

3) Fundamental Limits: It the literature of phase retrieval,
it is well known that to make the signal-to-observation map-
ping injective one needs at least m = 4n measurements [44]
(or m = 2n [45] in the case of real-valued models). On the
other hand, the measurement thresholds obtained in this paper
are 0 = % —4 ~25and 0 = 7 — 1 ~ 1.5 respectively.
In fact, our algorithm can in principle recover the signal when
0 >2and 0 > 1+ % (or 6 > 1 if continuation is not
applied) for complex and real-valued models, provided that the
algorithm is initialized close enough to the signal (though no
known initialization strategy can accomplish this goal). Hence,
our threshold are even smaller than the injectivity bounds.
We emphasize that this is possible since the injectivity bounds
derived in [44] and [45] are defined for all x, (which can
depend on A in the worst case scenario). This is different
from our assumption that x, is independent of A, which is
more relevant in applications where one has some freedom
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to randomize the sampling mechanism. In fact, several papers
have observed that their algorithm can operate at the injectivity
thresholds 0 = 2 for real-valued models [6], [13]. These two
different notions of thresholds were discussed in [46]. In the
context of phase retrieval, the reader is referred to the recent
paper [47], which showed that by solving a compression-based
optimization problem, the required number of observations for
recovery is essentially the information dimension of the signal
(see [47] for the precise definition). For instance, if the signal
is k-sparse and complex-valued, then 2k measurements suffice.

C. Organization of the Paper

The structure of the rest of the paper is as follows: Section II
mentions the asymptotic framework of the paper, and summa-
rizes our main results on the asymptotic analysis of AMP.A.
Section III discusses the real-valued AMP.A algorithm and its
analysis. Section IV explains what have been discussed in the
conference version of this paper [48], and points out several
possible future directions. Sections V and VI present the
proofs of our main results. Finally, the appendix summarizes
some properties of elliptic integrals that are used throughout
this paper.

D. Notations

a denotes the conjugate of a complex number a. Za denotes
the phase of a. We use bold lower-case and upper case
letters for vectors and matrices respectively. For a matrix
A, AT and AY denote the transpose of a matrix and its
Hermitian respectively. Throughout the paper, we also use the
following two notations: 1 = [1,...,11Tand 0 2 [0,...,0]%.
¢(x) and O (x) are used for the probability density function
and cumulative distribution function of the standard Gaussian
random variable. A random variable a said to be circularly-
symmetric Gaussian, denoted as a ~ CN (0,02), if a =
ag +1iay and agr and a; are two independent real Gaussian
random variables with mean zero and variance ¢ 2/2. Finally,
we define (a, b) = >i_iaib; fora,b e cd .

II. ASYMPTOTIC ANALYSIS OF AMP.A

In this section, we present the asymptotic platform under
which AMP.A is studied, and we derive a set of equations,
known as state evolution (SE), that capture the performance
of AMP.A under the asymptotic analysis.

A. Asymptotic Framework and State Evolution

Our analysis of AMP.A is carried out based on a standard
asymptotic framework developed in [41] and [49]. In this
framework, we let m,n — oo, while m/n — J. Within this
section, we will write x4, x’, w and A as x.(n), x’ (n), w(n)
and A(n) to make explicit their dependency on the signal
dimension n. In this section we focus on the complex-valued
AMP. We postpone the discussion of the real-valued AMP
until Section III. Following [50], we introduce the following
definition of converging sequences.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 6, JUNE 2019

Definition 1: The sequence of instances {x.(n), A(n),
w(n)} is said to be a converging sequence if the following
hold:

- 7 = 0€(0,00), as n — 0.

— A(n) has iid. Gaussian entries where A;j ~ CN

0, 1/m).

— The empirical distribution of x.(n) € C" converges
weakly to a probability measure px with bounded second
moment. Further, %||x*(n)||2 — «2 where k* € (0, 0) is
the second moment of px. For convenience and without
loss of generality, we assume k = 1.2

— The empirical distribution of w(n) € C" converges
weakly to CN(0, c2).

Under the asymptotic framework introduced above,
the behavior of AMP.A can be characterized exactly. Roughly
speaking, the estimate produced by AMP.A in each iteration
is approximately distributed as the (scaled) true signal +
additive Gaussian noise; in other words, x! can be modeled
as a;x, + osh, where h behaves like an iid standard complex
normal noise. We will clarify this claim in Theorem 1 below.
The scaling constant a; and the noise standard deviation oy
evolve according to a known deterministic rule, called the state
evolution (SE), defined below.

Definition 2: Starting from fixed (ao, 002) € Cx R4\ (0,0),
the sequences {o;};>1 and {a,z},zl are generated via the
following recursion:

2
"4} ((Z[, o, )’
= yo(ar, 020, 02),

Gr+1 =

ol (IL1)
where y; : Cx Ry — C and yr : C x Ry — Ry are
respectively given by

Vi@ o) =2 E[o.5(P.1)] =E[|ZZHPPJ,

va(a,0%0,0%) = 4-E|1g(P, V)P
=4.E[(|P| y . W)z].

In the above equations, the expectations are over all random
variables involved: Z ~ CN(0,1/6), P = aZ + o B where
B ~ CN (0, 1/6) is independent of Z, and Y = |Z|+W where
W~ C./\/'(O,au%) is independent of both Z and B. Further,
the partial Wirtinger derivative 0,g(p, |z| + w) is defined as:

1 0 .0
0:8(p, lzl+w) = = [—g(p, Izl + w) —i—g(p, |z|+w>},
2| 0zr 0z1

where zr and zj are the real and imaginary parts of z
(i.e., 7 =2zr +1iz1).

Remark 1: The functions w1 and y, are well defined except
when both a and o> are zero.

Remark 2: Most of the analysis in this paper is concerned
with the noiseless case. For brevity, we will often write
wa(a,o0;0,0) (Where 03) =0) as ya(a, 0;0). Further, when

20therwise, we can introduce the following normalized variables: y = y/x,
¥ =x/i, w = w/x, ¥ = x'/i and p' = p'/x. One can verify that
the AMP.A algorithm defined in (I.5) for these normalized variables remains
unchanged. Therefore, we can view that our analyses are carried out for these
normalized variables; we don’t need to actually change the algorithm though.

Authorized licensed use limited to: Harvard Library. Downloaded on April 16,2020 at 00:48:19 UTC from IEEE Xplore. Restrictions apply.



MA et al.: OPTIMIZATION-BASED AMP FOR PHASE RETRIEVAL

our focus is on o and ¢ rather than o, we will simply write
wa(a, a2 9) as ya(a, o).

In [26, Appendix B], we simplify the functions y(-) and
w2 (+) into the following expressions (with 8, being the phase
of a):

) 7 in2 @
wi(a, 02) = el . / |af sin _do,  (I1.2a)
O (Ja|?sin*@ + o2)?
ya(a, 02;8,02) (IL.2b)
4 7 2lal?si 29 2
=2 |a|2+02+1—/ 7SO0+ 9749 ) + 402,
O (Ja|?sin®@ + o2)?
(I1.2¢)

The above expressions for 1 and 7 are more convenient for
our analysis.

The state evolution framework for generalized AMP
(GAMP) algorithms [25] was first introduced and analyzed
in [25] and later formally proved in [42]. As we will show
later in Theorem 1, SE characterizes the macroscopic behavior
of AMP.A. To apply the results in [25] and [42] to AMP.A,
however, we need two generalizations. First, we need to extend
the results in [25] and [42] to complex-valued models. This
is straightforward by applying a complex-valued version of
the conditioning lemma introduced in [25] and [42]. Second,
existing results in [25] and [42] require the function g to
be smooth. Our simulation results in case of complex-valued
AMP.A show that SE predicts the performance of AMP.A
despite the fact that g is not smooth. Since our paper is long,
we postpone the proof of this claim to another paper. Instead
we use the smoothing idea discussed in [24] to connect the
SE equations presented in (II.1) with the iterations of AMP.A
in (I.5). Let ¢ > 0 be a small fixed number. Consider the
following smoothed version of AMP.A:

p —Axe __ge(pt 19 ¥,
x€t+1 = I:—lep(gt,g) : xe + AHgE(pt’ y):l >

where ge(p'~!, y) refers to a vector produced by applying
g¢ : C xRy +— C below component-wise:

A
8e(p,y) =y -he(p) —
where for p = p1 +ip2, he(p) is defined as
p1+ip2

Jpi+pite

Note that as ¢ — 0, g, — g and hence we expect the
iterations of smoothed-AMP.A converge to the iterations of
AMP.A.

Theorem 1 (Asymptotic Characterization): Let {x.(n),
A(n), w(n)} be a converging sequence of instances. For each
instance, let x°(n) be an initial estimate independent of A(n).
Assume that the following hold almost surely

he(p) =

lim —(x*,xo) =00y and hm —||x ||2—00 |a0|2

n—oo n
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Let xL(n) be the estimate produced by the smoothed AMP.A
initialized by x°(n) (which is independent of A(n)) and
p~l(n) = 0. Let €1, €, ... denote a sequence of smoothing
parameters for which ¢, — 0 as i — oo Then, for any
iteration t > 1, the following holds almost surely

lim lim —lee i(n) — e x, i
j—>oon—>00

_E [|x’ — el x*|2] =1 =&l + 02, 13)
where 0, = la;, X' = o; Xy + 0;H and Xy ~ px is
independent of H ~ CN (0, 1). Further, {a};>1 and {012}121
are determined by (I1.1) with initialization oy and 002.

Proof: Since the proof of the real-valued and complex
valued signals look similar, for the sake of notational simplic-
ity we present the proof for the real-valued signals. First note
that according to [19, Lemma 13]° for the smoothed AMP.A
algorithm we know that almost surely

N I t+1 . 2
lim_ - le (xgj’i (n) — sign(a;) -x*,i)
1=

= E(Xé;rl — sign(ay) - X4)2,

where X! = a¢ X« + 0c H and X, ~ px is independent of
H ~ N(0, 1), and ac; and o, ; satisfy the following iterations:

ter+1 =E [azge(Pt, Y)] >
0211 = Elg2(P, V),
where Y = |Z| + W, P! = ac,;Z + 0c,B, where B ~

N(0,1/6) is independent of Z ~ N(0,1/6) and W ~
N (0, 1/9). Tt is also straightforward to use an induction step
similar to the one presented in the proof of [24, Th. 1] and
show that (aejt,ai,) — (04,02 as i — 0o, where (a;,02)
satisfy

arr1 = E[o:g(P', V)],
ol = Elg* (P, V)l.

B. Convergence of the SE for Noiseless Model

We now analyze the dynamical behavior of the SE. Before
we proceed, we point out that in phase retrieval, one can only
hope to recover the signal up to global phase ambiguity [1],
[2], [4], for generic signals without any structure. In light
of (IL.3), AMP.A is successful if |a;] — 1 and 0,2 — 0 as
r — o0.

Let us start with the following interesting feature of the state
evolution, which can be seen from (II.2).

Lemma 1: For any (ao,aoz) € C xR4:\(0,0), w1 and y»
satisfy the following properties:

Q) wi(a, 0%) = yi(al, 0?)-e%, with ¢ being the phase

of a;
(i) ya(a,0%) = ya(lal, o?).
Hence, if 6; denotes the phase of a;, then 6; = 0.
3The proof for a more general result was first presented in [42]. However,

we found [19] easier to follow. The reader may also find [25, Claim 1] and
related discussions useful, although no formal proof was provided.
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In light of this lemma, we can focus on real and nonnegative
values of a;. In particular, we assume that ag > 0 and we are
interested in whether and under what conditions can the SE
converge to the fixed point (a, c?) = (1,0). The following
two values of J will play critical roles in the analysis of SE:

64
OAMP é — —4=x2.5,
T
5global = 2.

Our next theorem reveals the importance of damp. The proof
of this theorem detailed in Section V.

Theorem 2 (Convergence of SE): Consider the noiseless
model where auz) = 0. If 0 > damp, then for any 0 < ag < 1
and 002 < 1, the sequences {a};>1 and {atz},zl defined in
(I.1) converge to

lim ¢, =1 and lim o = 0.
— 00 — 00

There are a couple of points that we would like to emphasize

here:

1) 0 <ap <1 and 002 < 1 is a pessimistic condition for
Theorem 2. In particular, when 6 > 4, this condition
could be relaxed to agp # 0 and 002 < oo. In this paper,
we did not try to optimize this condition since it is fairly
loose and can be achieved by the spectral method in the
noiseless case. In other words, if 0 > damp the issue
of initialization becomes minor. We will report more
details of this claim in [29]. Alternatively, 0 < ap < 1
and 002 < 1 can also be achieved for the noiseless setting
if the signal of interest has nonzero mean. To see this,
consider the initialization x = 1. (In the general case
where ¥ # 1, we initialize as x% = k1. Note that ¥ =
lx||>/n can be accurately estimated in the noiseless set-
ting [14].) Such initialization ensures that a(% + 002 =1.
Further, a9 = E[X,] # 0. Therefore, ag € (0, 1) and

ag € (0, 1).
2) ap # 0 is essential for the success of AMP.A. This
can be seen from the fact that o = 0 is always a

fixed point of wi(a,o?) for any ¢2 > 0. From our
definition of ag in Theorem 1, ap = 0 is equivalent
to %(x*,xo) = 0. This means that the initial estimate
x0 cannot be orthogonal to the true signal vector x.,
otherwise there is no hope to recover the signal no matter
how large 9 is.

3) In the current paper, we did not analyze the convergence
rate of the state evolution. Empirically, we observed
that typically the SE converges exponentially fast after
a few iterations. Rigorously proving this finding is left
as possible future work.

The following theorem describes the importance of dgiobal

and its proof can be found in Section VI.

Theorem 3 (Local Convergence of SE): When 03) = 0,
then (a,0%) = (1,0) is a fixed point of the SE in (IL2).
Furthermore, if 6 > Oglobal, then there exist two constants
€1 > 0 and €3 > 0 such that the SE converges to this fixed
point for any og € (1 — €1, 1) and 002 € (0, €2). On the other
hand if 6 < dglobal, then the SE cannot converge to (1,0)
except when initialized there.
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Fig. 1.  The regions below the curves exhibit the basin of attraction of
(a,az) = (1,0). From left to right 6 = 2.45, 0 = 2.4, 6 = 2.35. The
results are obtained by running the state evolution (SE) of AMP.A (complex-
valued version) with aq and 62 chosen from 100 x 100 values equispaced in
[0, 1] x [0, 1]. The iteration number is 7 = 5000 and the reconstruction is
considered successful is a7 — 1| < 105 and a% <1010,

According to Theorem 3, with proper initialization, SE can
potentially converge to (a,az) even if dglobal < 0 < JaMP.
However, there are two points we should emphasize here:
(i) we find that when 0 < Jamp, standard initialization
techniques, such as the spectral method, do not help AMP.A
converge to x,. We refer the reader to the conference version
of this paper [48] for details. Hence, the question of finding
initialization in the basin of attraction of (a,c?2) = (1,0)
(when 6 < damp) remains open for future research. (ii) As
0 decreases from Jamp to Jglobal the basin of attraction
of (a,0%) = (1,0) shrinks. Check the numerical results
in Figure 1.

C. Noise Sensitivity

So far we have only discussed the performance of AMP.A in
the ideal setting where the noise is not present in the measure-
ments. In general, one can use (II.1) to calculate the asymptotic
MSE (AMSE) of AMP.A as a function of the variance of the
noise and J. However, as our next theorem demonstrates it
is possible to obtain an explicit and informative expression
for AMSE of AMP.A in the high signal-to-noise ratio (SNR)
regime.

Theorem 4 (Noise Sensitivity): Suppose that 6 > oamp =
% —4 and 0 < |ag| < 1 and 002 < 1. Then, in the high SNR
regime the asymptotic MSE defined in (1.6) behaves as
. AMSE(c2,9) 4
121m 3 = 7
620 o5 1 -5

The proof of this theorem can be found in [26, Appendix E].

III. EXTENSION TO REAL-VALUED SIGNALS

Until now our focus is on complex-valued signals. In this
section, our goal is to extend our results to real-valued signals.
Since most of the results are similar to the complex-valued
case, we will skip the details and only emphasize on the main
differences.
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A. AMP.A Algorithm

In the real-valued case, AMP.A uses the following

iterations:
x = —divp(gz) x'+ATe(p', ),
p' = Ax g(p' Ly, (1L 1a)
where g(p,y) : R x Ry +— R is given by
g(p,y) =y -sign(p) — (IIL.1b)

where sign(p) denotes the sign of p. We emphasize that the
divergence term div,(g;) contains a Dirac delta at 0 due
to the discontinuity of the sign function. This makes the
calculation of the divergence in the AMP.A algorithm tricky.
One can use the smoothing idea we discussed in Section II-A.
Alternatively, there are several possible approaches to estimate
the divergence term. These practical issues will be discussed
in details in our follow-up paper [29].

B. Asymptotic Analysis

Our analysis is based on the same asymptotic framework
detailed in Section II-B. The only difference is that the mea-
surement matrix is now real Gaussian with A;; ~ N'(0, 1/m)
and w, ~ N(O, 03)). In the real-valued setting, the state
evolution (SE) recursion of AMP.A in (III.1) becomes the
following.

Definition 3: Starting from ﬁxed (@0, 0 2y e R x R4\ (0, 0)
the sequences {o;};>1 and {("z }i=1 are generated via the
following iterations:

2
air1 = yi(ar, 07),
2 2 2
O-[+1 = l/’z(af’o-t ) 59 O-u))’

‘R xRy — R and

(I11.2)

where, with some abuse of notations, y1
w2 R x Ry — Ry are now defined as

v, o) = Elo:g(P.|Y])] = Elsign(Z P)],
va(a,o%0,00) = EA(P. [¥ ] =E [(Z] - P+ W)?].

The expectations are over the following random variables:
Z ~ N(©,1/9), P = aZ + 6 B where B ~ N(0,1/6) is
independent of Z, and Y = |Z| + W where W ~ ./\/'(O,au%)
independent of both Z and B.

In [26, Appendix D], we derived the following closed-form
expressions of ;| and w»:

2
v1(a, 02) = —arctan (ﬁ) , (II1.3a)
VA o

1 4 4
ya(a, 0% 0,02) = 5 [a2 toltl--Z - ™% arctan (ﬂ):|
T T o

+a2. (I11.3b)

As in the complex-valued case, we would like to study
the dynamics of these two equations. The following lemma
simplifies the analysis.

Lemma 2: yn (a, 02) and yr(a, 02) in (II1.3) and (I11.3b)
have the following properties:

@) yi(a, o) = yi(lal, 0?) - sign(a).

(i) y2(a, 0%) = ya(lal, o?).
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Again the following two values of ¢ play a critical role in
the performance of AMP:

71'2
OAMP = T — 1=~ 147,

4
0 =1+ — ~ 1.40.
global + 72
The  following two  theorems  correspond  to

Theorems 2 and 3 that explain the dynamics of SE for
complex-valued signals. The proofs can be found in
[26, Appendix D].

Theorem 5 (Convergence of SE): Suppose that o >
oamp = T — 1 and 03) = 0. For any ag € R\0 and 002 < 00,
the sequences {a;};>1 and {0,2},>1 defined in (I11.2) converge:

tli)m la;] =1 and hm a, =0.

Note that in Theorem 5 the sequences converge for any
00 < o00. This result is stronger than the complex -valued
counterpart, which requires 0 < |ag| < 1 and ‘7() < 1 (see
Theorem 2).

Theorem 6 (Local Convergence of SE): For the noiseless
setting where o w =0, (a,0%) = (1,0) is a fixed point of
the SE in (IL2). Furthermore, if 6 > Jglobal, then there exist
two constants €1 > 0 and €y > 0 such that the SE converges
to this fixed point for any ao € (1 — €1, 1) and 002 € (0, ).
On the other hand if 6 < Jglobal, then the SE cannot converge
to (1,0) except when initialized there.

Note that Jgiobar here is different from the information
theoretic limit 6 = 1. We should emphasize that if we had
not used the continuation discussed in (I.4), then the basin of
attraction of (a,0) = (1,0) would be non-empty as long as
o> 1.

Finally, we discuss the performance of AMP.A in the high
SNR regime. See [26, Appendix E] for its proof.

Theorem 7 (Noise Sensitivity): Suppose that 6 > damp =
”4—2 — 1 and o9 € R\O and 002 < oo. Then, in the high SNR
regime we have

AMSE(c2, 6 1
lim ©4,9) _

20 0 e 4)
+4 1

IV. DISCUSSIONS AND FUTURE RESEARCH
A. Simulation Results of AMP.A

In Sections II and III, we analyzed the performance of
AMP.A under the asymptotic setting m,n — oo, m/n —
0 € (0,00). For empirical performance of AMP.A and
comparisons to existing algorithms, the reader is referred
to the conference version of this paper [48].* Simulation
results in [48] confirmed that AMP.A achieves state-of-the-art
performance for optimization-based (for both intensity-based
and amplitude-based loss functions) phase retrieval algorithms.
In [48], we also investigated the impact of spectral initial-
ization (based on the carefully tuned nonlinearity proposed
n [19]) on the performance of AMP.A. Numerical results
in [48] show that, for the complex-valued case, using the

4The Matlab codes for the simulation results in [48] are available at
https://github.com/junjiema2/AMP-for-amplitude-loss-based-phase-retrieval.
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spectral initialization in [19] can only provide marginal gain
in terms of improving the reconstruction threshold. Similar
finding was also observed for the real-valued setting; although
we did not provide simulation results in [48] due to space
limitation.

After the first submission of this paper, we noticed a
recent ArXiv paper [51] in which a successive and incremen-
tal algorithm was proposed (termed IncrePR). Intriguingly,
simulation results of [51] (see Fig. 1) show that the recon-
struction thresholds of the IncrePR algorithm are very close
to damp for both the complex and real-valued models. It is
an interesting future work to investigate whether this is a
pure coincidence or there are some fundamental connections
between AMP.A and IncrePR.

B. Future Research

As already mentioned in previous sections, we are working
on a rigorous proof for combining spectral initialization and
AMP.A in a future paper [29]. We also plan to discuss issues
related to the discontinuity of g(p, y), and the consequence
for state evolution.

There are several other possible directions. First, although
we focused on the amplitude-based loss in this paper, it is
also possible to study the intensity-based loss (which was
proposed in [4]) based on a similar AMP framework. Second,
the AMP.A algorithm and the theory developed in this paper
relies crucially on the i.i.d. Gaussian assumption on A. The
results of this paper cannot be directly extended to more prac-
tically relevant models (which involve Fourier matrices [52]).
The extension of AMP.A to Fourier-based measurements is
an interesting future work. To this end, the reader is referred
to [53]-[58] for related recent progress.

V. PROOF OF THEOREM 2: CONVERGENCE OF THE SE

The goal of this section is to prove Theorem 2. Since
the proof is very long, we summarize the organization of
this section to help the reader navigate through the complete
proof.

1) Section V-A is a proof sketch. The reader can skip
the remaining sections if he or she is only interested
in the main idea of our proof. This section contains
Lemmas 3-6 with proofs postponed in later sections
(except for Lemma 4).

2) Section V-B analyzes the properties of the SE maps
and ;. This section contains Lemma 7 and Lemma 8,
as well as their proofs.

3) Section V-C analyzes the properties of Fj and F>, which
are introduced in Section V-A and formally defined in
Lemma 7.

4) Section V-D proves Lemma 3. This section contains
Lemma 9 and its proof.

5) Section V-E proves Lemma 5 that is introduced in
Section V-A.

6) Section V-F proves Lemma 6. This section contains
Lemma 10-16 and their proofs.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 6, JUNE 2019

0.8
0.7 1, 0?)
0.6
051
04+
0.3
0.2

0.1f

181

14+

12

0.8 K

06 1b2((170'2)

0.2

Fig. 2. Top: plot of y/l(a,az) against a. ¢2 = 0.3. Bottom: plot of
o (a, o2 0) against 62, 0=03and d = JAMP-

A. Roadmap of the Proof

Our main goal is to study the dynamics of the iterations:

l//l (af s 0-[2)9
= ya(ar, 023 0).

Q41 =
2
o V.1)
Notice that according to the assumptions of Theorem 2,
we assume that we initialized the dynamical system with
oo > 0. Our first hope is that this dynamical system will not
oscillate and will converge to the solutions of the following

system of nonlinear equations:

o =y (a’ 0-2)»

o = ya(a, 6% ). (V.2)

Hence, the first step is to characterize and understand the
fixed points of the solutions of (V.2). Toward this goal, we
should study the properties of i (a,o?) and w2 (a, o2; d).
In particular, we would like to know how the fixed points of
w1(a, 62) behave for a given o2 and how the fixed points of
w2 (a, 02; ) behave for a given value of a and J. The graphs
of these functions are shown in Figure 2. We list some of
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Fig. 3. Plots of Ffl(a) and F>(a; 0) for different values of J. When
0 = JAMP> Ffl(a) and F»(a; d) intersect at o = 0.

the important properties of these two functions. We refer the
reader to Section V-B to see more accurate statement of these
claims.

1) v (a, 02) is a concave and strictly increasing function
of a > 0, for any o > 0: This implies that y; (a, o?)
can have two fixed points: one at zero and one at a > 0.
Also, as is clear from the figure, the second fixed point
is the stable one.

2) If 6 > damp, then y; has always one stable fixed point.
It may have one unstable fixed point (as a function of
o2). See Fig. 5 for an example of this situation.

For the moment, let us assume that the unstable fixed point
does not affect the dynamics of AMP.A. Let Fj(c2) denote
the non-zero fixed point of w; and F>(a; ) the stable fixed
point of w>.> We will prove in Lemma 9 that Fi(c?) is a
decreasing function and hence F’ fl (a) is well-defined on 0 <
a < 1. Moreover, we will show that by choosing F,~ 1(O) =
%, Ffl(a) is continuous on [0,1].

Ffl(a) and F>(a; 0) are shown in Fig. 3. Note that the
places these curves intersect correspond to the fixed points
of (V.2). Depending on the value of J, the two curves show
the following different behaviors:

1) When 0 > damp, the dashed curve (see Fig. 3) is entirely
below the solid curve except at (a, 02) = (1, 0). damp
is the critical value of ¢ at which F»(0; d) = Ffl(O).
Formally, we will prove the following lemma:

Lemma 3: If 0 > oamp = % — 4, then Ffl(a) >
F>(a; 0) holds for any o € (0, 1).

The proof of this lemma can be found in Section V-D.
Intuitively speaking, in this case we expect the state
evolution to converge to the fixed point (a, o) = (1, 0),
meaning that AMP.A achieves exact recovery.

SIn the literature of dynamical systems, these functions are sometimes called
nullclines. Nullclines are useful for qualitatively analyzing local dynamical
behavior of two-dimensional maps (which is the case for the SE in the present
paper).
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08f Ry

Fig. 4. Illustration of the three regions in Definition 4. Note that R, also
includes the region below F>(a; d).

2) When 2 < 0 < damp, the two curves intersect at
multiple locations, but F>(a; 0) < F 1_1 (a) for the values
of o that are close to one. This implies that AMP.A
can still exactly recover x, if the initialization is close
enough to x,. However, this does not happen with
spectral initialization [48]. We will discuss this case in
Theorem 3.

So far, we have studied the solutions of (V.2). However, our
ultimate goal is to analyze the dynamical behavior of (V.1).
In particular, we are interested to see under what conditions
will the estimates (a,,atz) converge to (1,0) (and do not
oscillate). Unfortunately, the dynamics of (a,,a,z) do not
always monotonically move toward the fixed point (1,0),
which makes the analysis of SE complicated.

We will first consider the case 0 > Jdamp. The following
lemma shows that (a;, 0,2) lies within a bounded region if the
initialization falls into that region.

Lemma 4: Suppose that a9 > 0 and 002 < 1LIfo> damp =
% — 4, then the sequences {0;};>1 and {0t2}z31 generated by
(IL.1) satisfy

O0<a <1 andOfatzfaéaX, vt > 1,

where o2 = max {1, }.
Proof: As discussed in Lemma 1, the assumption ag > 0
implies that a;, > 0, V¢ > 1. Further, from the property that
0< w1(a,02) <1fora > 0and a2 > 0 (see Lemma 7 (ii)),
we readily have 0 < a; < 1. Similarly, Lemma 8 (iii) shows
that if & > Jamp, @ € [0,1] and ¢ € [0,02,], then
0 < wz(a,az; 0) < a%ax. From our assumption, we have
002 <1< aéax. Then, a simple induction argument proves
0= 0/ < o O
Due to the above lemma, we only need to under-
stand the dynamics of the SE in the region R =
{(@,6%)[0 <a < 1,0 <0? <02, }. Since the dynamic of
AMP.A is complicated, we further divide this region into

smaller regions. See Fig. 4 for an illustration.
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Definition 4: We divide R £ {(a,az)}O <o < 1,0 <

2 2

c° < amax} into the following three sub-regions:

A 71'2
[(aa)’O<a<1 E<O‘ <ol

=
I

;
il

= [(a,az)yo <a<1,F o) <o®< ]

Ry & {(a,az)yo <a<1,0<o’< F(l(a)}. (V.3)

Our next lemma shows that if (a;, 0,2) is in R or Ry for
t > 1, then (ay, 0,2) converges to the desired fixed point (1, 0).
In other words, if we initialize the SE in R; or R», then
after only one iteration, the estimates will lie inside of the

“attraction basin” of (1, 0).

Lemma 5: Suppose that 6 > oamp. If (04, ato) is in
R1UTRy at time ty (where to > 1), and {0;};>4, and {a, V=10
are obtained via the SE in (I1.1), then

1) (o4, 0,2) remains in R1 U Ry for all t > ty;

(i) (o4, 0,2) converges:

hm ar =1 and hm 0, =0.

This claim W111 be proved in Sectlon V-E. Notice that the
condition #y > 1 is important for part (i) to hold: if (a, 00) is
close to the origin (and thus in R»), then (o, 012) can move
to Ro. However, this cannot happen when ¢ > 1. In the proof
given in Section V-E, we showed that for any (ao, 0'0) € R the
possible locations of (aj, 01) are bounded from below by a
curve, and once (a, o2) is above this curve and also in region
R1 or Ry, then it cannot go to Rp. The following lemma,
together with Lemma 5, completes the proof of Theorem 2.

Lemma 6: Suppose that 6 > damp. Let {0,};>1 and {0t2}z31
be the sequences generated according to (I1.1) from any
(a0, ao) S Ro Then, there exists a finite number T > 1 such
that (at, aT) e R1 UR,.

The proof of this result is detailed in Section V-F.
Combining the above two lemmas, it is straightforward to see
that (o, atz) — (1, 0), and hence the proof is complete.

In the following subsections, we present the details that are
missing in the above proof sketch.

B. Properties of w; and y>

In this section we derive all the main properties of y; and
wo that are used throughout the paper.
Lemma 7: yn (a, 02) has the following properties (for
a>0):
1) w1 (a, 02) is a concave and strictly increasing function
of o > 0, for any given a2 > 0.
(i) 0 < yi(a,02) <1, fora > 0 and 6> > 0.
(i) If 0 < 0% < Tg> then there are two nonnegative
solutions to o = y1(a, 0%): a = 0and o = Fy(c?) > 0.
Further, F\(c?) is strongly globally attracting, meaning

that

a <yi(a,0%) < Fi(6?), a€(0,Fi(c?), (Vda)
and

Fi(6?) < yi(a,6%) <a, ac€ (Fi(6?),00). (V.4b)
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On the other hand, if 62 > T—é, then a0 = 0 is the
unique nonnegative fixed point and it is strongly globally
attracting.

Proof:
Part (i): From (I1.2), it is easy to verify that y(a, o?) is
an increasing function of a > 0. We now prove its concavity.

To this end, we calculate its first and second partial derivatives

Vo > 0,02 > 0):

@ﬂ@:ﬁlz/g__ﬂfiﬁi_de (V.5a)

oa 0 (a2sin20+02)3

ﬁﬂﬁﬁﬁﬁzi/g;fﬂfﬁlliﬂe<o (V.5b)
oa? 0 (a2 sin? <9+02)2

Hence, y»(a, 0?) is a concave function of a for a > 0.
Part (ii): Positivity of yq is obvious. Also, note that
sin% @

wl(owfz)=/2 1
0 (sin“(0) + ;)2

Part (iii): The claim is a consequence of the concavity of
w1 (with respect to o) and the following condition:

o < /2 §in0d6 = 1.
0

2
—les 2=
a=0 16
The detailed proof is as follows. First, it is straightforward
to verify that & = 0 is always a solution to a = w1 (a, o2).
Define

oy (a, 02)
oo

¥i(a,0%) = pi(a,0%) — a.

Since Wi (a, 0?) is a concave function of a (as yi(a,o?) is

concave), M is decreasing. Let’s first consider 2 > ’f—é.
In this case we know that
8‘1’1((1,0’2) - oY (a, 0'2)
oo - oo a=0
_ oyila, o) !
B oo a=0
T
=——-1<0, (V.6)
40

where the second equality can be calculated from (V.5a). Since
¥ (a, 0?) is a decreasing function of & and is equal to zero
when a = 0, it follows that ¥ («a, 02) = 0 does not have any

other solution except for & = 0. Now, consider case o2 < ’f—é.
It is straightforward to confirm that
oW (a, 0?%) oyt (a, o?) T
- - = —1l=——-1>0.
oa a=0 oa a=0 4o
2
Furthermore, from (V.5a) we have % = 0, and
a— 00
o)
oY1 (a, 02)
_— — —1.
oo a—00
Hence, ¥ (a,02) = 0 has exactly one more solution for

a > 0. Note that since from part (ii) w1 (a, 02) < 1, the solu-
tion of a = y(a, 02) also satisfies a < 1.

Finally, the strong global attractiveness follows from the fact
that y is a strictly increasing function of a. 0
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Lemma 8: yrn (a, o2 5) has the following properties:

() If 6 < 2, then 6> = 0 is a locally unstable fixed point
to 6% = 753 (a, o2 5), meaning that

oy (a, 2 0)

502 > 1.

a=1,02=0

(ii) For any 6 > 2, 6% = y» (a,az; 5) has a unique fixed
point, denoted as F>(a; 0), in 6% € [0, 1] for any a €
[0, 1]. Further, F>(a; d) is (weakly) globally attracting
in a% €10, 1]:
o < ya(a,0%9), o’c (0, F2(a:9), (V.7a)
and

1//2(0(,02) < 02, = (F2(a;0),1).  (V.7b)

@iii) If 0 = oamp, then for any a € [0, 1], we have
0 < y2(a,0%0) < opys 0 €10, 0041,

where o2, £ max({1,4/6}.

If 6 > oawmp, then for any o € [0, 1], Fa(a;d) is the
unique (weakly) globally attracting fixed point of 6% =

(iv)

v (a, 62:0) in 62 €0, a%ax]. Namely,

o’ < 1//2((1,02; 0), cle 0, Fa(a; 9)), (V.8a)
and

wa(a,0?) <02, o’e (Fa(a;0),00,). (V.8b)

(v) Forany d > 0, wa(a,o?;0) is an increasing function of
62> 0if
v 1 E( ! ) 0.53, (V.9)
o> 0y = ~ (.53, g
T a/T+s2 \l+s2

where s? is the unique solution to

1 1
2E(—— )=k(|——).
(1+s§) (1+s§)

Here, K(-) and E(-) denote the complete elliptic inte-
grals introduced in (A.1). Further, when o > a, and
8 > Oamp, then F>(c2; 9) is strongly globally attracting
in [0, 02,1 Specifically,

o2 < 1//2((1,02; 0) < Fa(a; 9), ole 0, Fa(a; 9)),
and

Fa(a:9) < ya(a,0%) <0, 0 € (Fa(a: 9), o).
Proof: First note that the partial derivative of y, w.r.t. ¢

is given by
G 29 4 1 [3 2
;Q@;_):_l__/ )
oo 9 2Jo (a2sin?0 +02)>
(V.10)

Part (i): Before we proceed, we first comment on the
discontinuity of the partial derivative %’52;5) at 02 = 0.
Note that the formula in (V.10) was derived for non-zero values
of 2. Naively, one may plug in 6> = 0 in the equation

2.
9y2(2,0739) = %. This is not the

and assume that 002

a=1,02=0
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case since the integral fO”/ 2 sidnee is divergent. It turns out that

dya(a,02:0)
2

the derivative = is a continuous function of ¢2. The
technical details can be found in [26, Appendix C].

. 2‘ . .
Since W is continuous at 62 = 0, we have
dya(a, a%; o) oyr(1,0%;9)
2 = m 2 ’
oo a=1,62=0 4250 oo

Note that if we set m = 1/52, then from (A.5) we have

oya(l,0%0) 4 1 (2 2
LZ) — — 1 — _/2 Uigde
oo 0 2 Jo (sin20 + 02)2
4 1 m m
=—-({1l-=-/——E{——) ).
0 2V 1+m m+ 1
It is then straightforward to use Lemma 18 to prove that
.4 1 m m 2
lim —(l—= /——E{—— ) ) =-.
m—00 § 2V 1+m m—+1 0

aya(a,02%;0)
002

> 1 for o < 2.

a=1,62=0

Hence,

Part (ii): We first prove that the following equation has at least
one solution for any a € [0, 1] and 0 > 2:

o2 = y(a, 6% 9), o*elo,1].

It is straightforward to verify that

4
va(e, 0% d)lprmg = (1 —a)? 2 0. (V.11)
We next prove our claim by proving
wz(a,azg Oly2=; <1, VYae[0,1]and 6 > 2. (V.12)

From (II.2c¢), we have

2 2¢%sin?0 + 1
pa(a, 0% 9)lpony < 1 <:>/ L—Fldﬁ—az
0 (a2sin®@ 4+ 1)2
g(a?)
0
>2- 2. (V.13)

We next show that g(«2) in (V.13) is a concave function of 2.
The first two derivatives w.r.t. a* are given by:

dg(a®) /75 sin? 0 (a? sin? 0 + 3)
da? 0 (02 sin?0 + 1)2

do —1,

and

sin* 0 (%az sin? 6 + %)
do < 0.

d?g(o?) _ /5
d@? o
The concavity of g(a?) implies that its minimum happens at

either « = 0 or a = 1. Hence, to prove (V.13), it suffices to
prove that

(a2 sin® 0 + 1)%

0 0
g(o):%>2_1 andg(l)%l.509>2—1,

which holds for 6 > 2. Hence, (V.13) holds. By combining
(V.11) and (V.12) we conclude that y»(a, o2; 0) has at least
one fixed point between 6> = 0 and 6> = 1. The next step
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is to prove the uniqueness of this fixed point. For the rest
of the proof, we discuss two cases separately: a) > 4 and
b)2 <d <4

(a)

(b)

0 > 4. Define
Y (a, 02'5)A v (a, 02'5)—02 (V.14)

From (V.10), if § > 4, then %;”’) <1,V¥e? > 0.
This means that ¥a(a,o?2;0) deﬁned in (V.14) is
monotonically decreasing in o> > 0. Hence, the solution
to ¥z (a, o2 0) = 0 is unique. Furthermore, the following
property is a direct consequence of the monotonicity of
Y (a, o2 0):

Wr(a,0%6) <0, YO <o? < Fr(a;d), (V.15a)
and
Ws(a,6%,0) > 0> a2, VF(a;6) <o? <1, (V.15b)

where F>(a; 0) denotes the solution to W (a, o2; §) = 0.
2 < 6 < 4. In this case, we will prove that there exists
a threshold on o2, denoted as a*z(a; 0) below, such that
the following hold:

5 5
M <1, Vol <o2(a;0) (V.16a)
do?
and
0 s 2.5
W29 ve? ¢ (62(a: ). 00).  (V.16b)

Gl
This means that ¥s(a, 02;0) = wa(a,0%;0) — o2 is
strictly decreasing on ¢ € (0,02(a;0)) and increas-
ing on 62 € (62(a; ), 00). Note that since we have
proved that W (a, 0%; 6) = 0 has at least one solution,
we conclude that there exist exactly two solutions to
Ws(a,0%;0) = 0, one in (0,02 (a; 0)) and the second
in (67(at; 8), 00), if Wa(a, 0% 0)|2-p2() < 0. This is
the case since Ws(a, o2; 0)|y2=; < 0 (see (V.12)), and
that Wa(a, 0% 9)|,2o < W2(a, 025 0) 5225245 (since
the latter is the global minimum of W;(a,c?;d) in
o2 € (0, 00)).
Also, it is easy to prove (V.15). In fact, the following
holds:

Ws(a,0%;9) <0, VO <o’ < Faa;d),
and
Tz(a,az; 0)>0> 02, VF(a;0) < o2 < ﬁz(a; ),

where 1:"2 (a;9) > 1 denotes the larger solution to
¥, (a, 0%; ) = 0. See Fig. 5 for an illustration.
From the above discussions, it remains to prove (V.16).
To this end, it is more convenient to express (V.10) using
elliptic integrals defined in Section VI-B:
oya(a, 0% )
oc?

4 ] 1
0 2

4 1 1

—|a— E

5a(a 2V1 + 52 (1+s2))’
f(s)

[SE]

/ S —T') BT
0 (a2sin’f +02)2

(V.17b)
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Fig. 5.

0 :
0 Fy(a;6) 1 2 3

¥a(a, 0% 6)

diagonal line

Plot of ya(a, 62;0) for & = 0.7 and § = 2.1.

where we introduced a new variable s = 2 and the last
step is derived using the identities in Lemma 19. Based
on (V.17) we can now rewrite (V.16) as

f(s) > a (1 _ (—5), vs < %9 gy
4 o
and
f(s) < a (1 - g), Vs € (U*(Z; 5),00). (V.18b)

To prove this, we first show that there exists s* such that
f(s) is strictly increasing on (0, s,) and decreasing on
(54, 00), namely,

f'(s) >0, fors <s,, and f/'(s) <0, fors > s,.
(V.19a)
sx 1s in fact the unique solution to the following equation:
oF (;) _K (;) .
1452 1452
This can be seen from f/(s) derived below:

f'(s)

(V.19b)

d 1 1
= — E
ds 24/1 4 52 (l+s2)

N 1 1
< (75) 2 (55)]
2(1+S2)7 1+s 1+s

Further noting that E(-) is strictly decreasing in (0, 1)
while K (-) is increasing, we proved (V.19).

Based on the above discussions, we can finally turn to
the proof of (V.18). From (V.17b), it is straightforward
to verify that f(0) = % Therefore, when ¢ > 2, we have

0 o 1
1 —— l— - < - =
a( 4)5 71°3 £(0),
Vo>2and 0 <a <.

Hence, the following equation admits a unique solution
(denoted as sy (a; 6) below):

)
f(s):a(l—z), Vo>2and 0 <a < 1.
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0.5

~—~ 0451

04

0.35

Fig. 6. A plot of f(s).

See Fig. 6 for an illustration. Also, from our above dis-
cussions on the monotonicity of f(s) it is straightforward
to show that

f(s) > a (1 — g), Vs < si(a; 0)
and

fs) <a (1 - g), Vs € (s«(a; 0), 0),

which proves (V.18) by setting o, (a; 0) 2 a - s« (a; o).
This proves (V.16), which completes the proof.
Part (iii): We will prove a stronger result: yp < 4/9. From
(I1.2¢), w2 (a, 62; 9) < 4/5 is equivalent to

5 2a2sin?0 + o2
a2+02_/ 20007 4y <,
0 (a?sin?0 +02)2
which can be further reformulated as

T 2a%sin?6
azf/ o~ sin 1d0
0 (a?sin?0 +02)2

2 1
+0? / ———d0—1). (V20)
0 (a?sin’0 4 c2)2
For0 <o <1 and o2 < arflax we have
2 1
[ ——
0 (a2sin’@ 4 02)2
2 1
> / —lde,
0 (sm 0+024)°
3 1
O L S
) 4 2
(sm 0+ 5AMP)
~ 1.09 > 1, (V.21)
where step (a) from a%ax = max({1,4/6} > max

{1,4/0amp} = 4/0amp ~
it suffices to prove

1.6. Due to (V.21), to prove (V.20),

2 2a’*sin?0
2 < / _ asntl gy
0 (a?sin’0 4 02)2

3613

or
E . 2

15/2 2sin“ 0 49,

0 (a?sin®@ +02)2

which, similar to (V.21), can be proved by the following
inequality
3 2sin%0 3 2sin? 0
/ — zln - ld@ / sin ld@
0 (a’sin“d +c%)2 0 (sin2<9+54 )2
AMP

~ 1.02 > 1.

v

Part (iv): We bound the partial derivative of ws(a, o2 0)

for 62 € [0, 02,,] as:

20) 4 1 (2 2
Mﬂz’) Y / : T _w
do 0 (a?sin 9+02)2

2
(%) i _l o 7w
0 2 0 (92 +0'2)2
@) A_L l = ! dé
0 2 0 (92 1)2
L i —/2 T
OAMP 2 Jo @2+ 1)2
~ 098 <1, (V.22)

where step (a) follows from the constraint 0 < o < 1 and
the inequality sin6 < @; (b) is due to the variable change
0 =0/0; (c) is a consequence of the constraint g2 < J%ax =
max{1,4/0} < max{l,4/0amp} = 4/0amp. As a result of
(V22) ¥y (a, 6%; 0) = ya(a, 0%; §)—o? is decreasing in o2 €
[0, amax] It is easy to verify that w,(0,a;d) > 0 for a €
[0, 1]. Further, Lemma 8 (iii) implies that

V2 (amax’ a;0) — max =0

Hence, there exists a unique solution (which we denote as
F>(a; 0)) to the following equation:

2

w(o,0;0) =07, 2

2
0<0” <0,

Finally, the property in (V.8) is a direct consequence of the
fact that Wa(a, 02;0) = wa(a,02;0) — o2 is a decreasing
function of 62 < 02,

Part (v): In (V.17), we have derived the following:

wo(a, a2 ; 0)

O]

where s = 2. From (V. 17b) we see that ys(a, 02; J) is an
increasing functlon of ¢ if the following holds:

o > f(s).

Further, (V.19) implies that the maximum of f(s) happens at
Sx, 1.€.,

1

1
E
21 +s2 (14‘34%

max f(s) = )éa*, (V.23)

Authorized licensed use limited to: Harvard Library. Downloaded on April 16,2020 at 00:48:19 UTC from IEEE Xplore. Restrictions apply.



3614

where 52 is the unique solution to

1 1
E =K .
(1+s§) (1+s§)

Clearly, & > a, immediately implies o > f(s), which further
guarantees that w(a, o2; J) is monotonically increasing on
o2 > 0. Finally, the strong global attractiveness of F»(a; d) is
a direct consequence of part (iv) of this lemma together with
the monotonicity of w». U

(V.24)

C. Properties of F; and F

In this section we derive the main properties of the functions
F1 and F» introduced in Section V-A. These properties play
major roles in the results of the paper.

Lemma 9: The following hold for Fi(¢2%) and F>(a; 6) (for
0> 2):

() F1(0) = 1 and lim | ,- Fi(6*) = 0. Further,
0°—=> T

by choosing F) (71’—;) =0, we have Fi(c?) is continuous
on [0, T—é] and strictly decreasing in (O, 71”—;)

(ii) F> is a continuous function of o. € [0, 1] and 6 € (2, 00).

2
F>(1;0) = 0, and F>(0; 0) = (%gfﬁ'“é_“)) for

0 # 4 and Fy(0;4) = .
Proof:

Part (i): We first verify F;(0) = 1 and lim
o

16
Fi(c%) = 0. First, F1(0) = 1 can be seen from the following

facts: (a) y1(a,0) = 1 for @ > 0, see (II.2a); and (b) By
definition, Fj(0) is the non-zero solution to a = w(a,0).
Then, by Lemma 7 (iii) and continunity of 1, we know F
is continuous on [0, 7{—;), and further limgzﬁﬁ— Fi(c?) =0
6

since o2 = % corresponds to a case where the non-negative
solution to i (a, 02) = a decreases to zero. Next, we prove
the monotonicity of F;. Note that

Fi(o?) = y1(Fi(6?),07),
Differentiation w.r.t. 2 yields

F{(6?) = oy (Fi(6%), 0% + d1y1 (Fi(a?), 62) - F{(c?),

2y 2 A ap(ac?)
where A w(F1(67),07) 2 = 502 |uerio?) and
2y -2\ A dyi(a.0?)
ory1(Fi(o?),0%) = “H— ——Fi () Hence,
[1 = o (FieD), 0D ] Fl6?) = (Fie?), o).
(V.25)

We have proved in (V.6) that %‘;’”2)‘ 0 < 1 when
o=

o’ < %. Together with the concavity of w; wrt «a
(cf. Lemma 7 (i)), we have
2 2 2
ovi@,07) < ) <1, Vo? < =
oo a=F|(c?) oo a=0 16
(V.26)
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Further, from (II.2a), it is straightforward to see that w is a
strictly decreasing function of 2, and thus

oyi(a,a?)
oy (Fi(c?), %) = ———~ 0. (V27
b1 (Fi(o7),07) o i) (V.27)
Substituting (V.26) and (V.27) into (V.25), we obtain

re2 2 ’

Fi(67) <0, Vo° < o

Proof of (ii): By Lemma 8 (ii) and continuity of yp, it is

straightforward to check that F» is continuous. Moreover,

we have proved that o = F>(a; 0) is the unique solution
to the following equation (for J > 2 and a2 e[0,1]):

4 3
Uzz—(az—i—az—i—l—/
Y 0

When a = 0, (V.28) reduces

22-29 2
CIITO" 49). (vas)

(a2 sin®0 + 02)2

4
0-225(0'2+1—%U), 0'26[0,1]9

which has two possible solutions (for 6 # 4):

S s B YY S

o= 54
and
— — /240 —4)
o) = .

0—4
(For the special case 0 = 4, o1 = 2/x.) However, o, is invalid
due to our constraint 0 < ¢2 < 1. This can be seen as follows.
First, 0o < 0 for 6 > 4 and hence invalid. When 2 < ¢ < 4,

we have
T+ — 44 —9) T
> >
4—9 4—9
Hence, F>(0; 0) = o1. When o = 1, (V.28) becomes:

4 5 2sin?20 + 02
azZS(H(;z_/ Mde), o e l0.1]
0

(sin2 0 + 0'2)2
It is straightforward to verify that ¢> = 0 is a solution. Also,
from Lemma 8 (ii), 62 = 0 is a also the unique solution.
Hence, F>(1;0) = 0. O

1.

0y =

D. Proof of Lemma 3: Ffl(a) > Fa(a; 0) for 6 > damp
In Lemma 8, we have proved that F>(a; J) is the unique

globally attracting fixed point of v, in % € [0, 1] (for § > 2),
and from (V.7) we have

% > F(a; 0) <— wz(a,az; 0) < o2, a?el0,1].
(V.29)

Here, our objective is to prove that F|” ! () < F2(a; ) holds
for any a € (0, 1) when 6 > damp. From (V.29) and noting
that Ffl(a) < 72/16 < 1 (from Lemma 9), our problem
can be reformulated as proving the following inequality (for
0 > 0AMP):

ya(a, F (@) 9) < Fy (@), Va €(0,1).  (V.30)
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Since yr(a, Ffl(a); 0) is a strictly decreasing function of
0 (see (IL.2c)), it suffices to prove that (V.30) holds for
0= 5AMP3
wa(o, Fy'(a); 6amp) < Fy '(@), Va € (0,1). (V31)
We now make some variable changes for (V.31). From
(II.2a), w1 in can be rewritten as the following for o > O:

z )
2 sin” @
w1(a,02) :/ —lde.
0 (sin2 0+ ”—;) :
o
By definition, Fi(c?) is the solution to a = w1 (a, 62), and
hence the following holds:

7 in2 0
a= i _do.

0 -1 2
(sin2 0+ F‘a—z(a))

At this point, it is more convenient to make the following

variable change:
VE (@
saV 1 77 (V.32)
a

from which we get

3 in20
a=pi(s) = / ST} (V.33)
0 (sin?6 + s2)2
Notice that ¢; : R4 + [0, 1] is a monotonically decreasing

function, and it defines a one-to-one map between o and s.
From the above definitions, we have

Ffl (a) = s2a? = szqﬁ%(s), (V.34)

where the first equality is from (V.32) and the second step from
(V.33). Using the relationship in (V.34), we can reformulate
the inequality in (V.31) into the following equivalent form:

wa(p1(5), 23 (s); damp) < s2¢2(s), Vs > 0.  (V.35)

Substituting (V.33) and (II.2¢) into (V.35) and after some
manipulations, we can finally write our objective as:

/2 sin? 6 a0
0 (sin?0 + 52)2
/% (1 —ys%)sin’ 4 + 52
0 (sin? @ + sz)%
where we defined

do>1, Vs>0, (V.36)

A, OAMP _ 16

2— —. V.37
4 n? (V-37)
In the next two subsections, we prove (V.36) for s2 > 0.07

and s% < 0.07 using different techniques.

4

(i) Case I: We make another variable change:

,al
s2

Using the variable 7, we can rewrite (V.36) into the
following:
t 1
G (1) A 81(0) -
g2(t) gz(t)

>y, Vtel0,14.3), (V.38a)
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where y is defined in (V.37), and
A 2 .2 ot
g1(t) = (14 1sin“0)2d0, (V.38b)
0

z .2

e () 2 / ’ Lolde. (V.38¢)
0 (1+1tsin?0)2

Notice that if we could prove (V.38a) for + < 14.3,

we would have proved (V.36) for s2 > 0.07, since

14.3 > 1/0.07 ~ 14.28. For the ease of later discussions,

we define

2 sin* 0
g3(t) = / ———d0,
0 (1+41rsin%0)2
3 sin® @
w2 [T
0 (1+4rsin’0)2

The following identities related to {g1(z), g2(¢), g3(¢),
ga(¢)} will be used in our proof:

£ = 280,
B0 = 380,

3
g3(t) = —584(1) (V.39)

We now prove (V.38a). First, it is straightforward to verify
that equality holds for (V.38a) at t =0, i.e.,

G0)=y. (V.40)

Hence, to prove that G(t) > y for t € [0, 14.3), it is
sufficient to prove that G(f) is an increasing function of
tont € [0, 14.3). To this end, we calculate the derivative
of G(1):

G = 81(0g2(t) — g1(gy (1) (_236,&0))
8> (1)

g3(1)
@ 185(t) + 381(1)g3(r) 0]
g5 (t) g3(1)

151060 &)
2 gn O
1g3(t) ((83(0)
- —g3—)(2— + 210820 —2),
28,0\ 83(1)  ———
— Ga(1)
Gi()
where step (a) follows from the identities listed in (V.39).
Since g3(¢) > 0, we have

G{)>0= G(t) +Gr(t) —2> 0.

It remains to prove that Gi(t) + G2(t) — 2 > 0 for
t < 14.3. Our numerical results suggest that G1(r) +
G, (t) is a monotonically decreasing function for r > 0,
and G1(t) + G2(t) — 2 as t — oo. However, directly
proving the monotonicity of G(t) + G2(t) seems to
be quite complicated. We use a different strategy here.
We will prove that (at the end of this section)

— G1(r) is monotonically increasing;

— Ga(r) is monotonically decreasing.
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As a consequence, the following hold true for any
c) > Cl1 > 0:
Gi1(1)+G2(1) =2 = Gi(c)+Ga(c2) =2, Vi €lcy, 2l

Hence, if we verify that G1(c1)+G2(c2)—2 > 0, we will
be proving the following:

Gi(t) + Ga(t) =2 > 0, Vt€[cy, 2]

To this end, we verify that Gi(c1) + Ga(c2) — 2 >
0 hold for a sequence of c¢; and c¢: [c1,c2] =
[0, 0.49], [c1, c2] = [0.49, 1.08], [c1, c2] = [1.08,1.78],
[c1,c0] = [1.78,2.56], [c1,c2] = [2.56,3.47],
[c1,c0] = [3.47,4.47], [c1,c2] = [4.47,5.56],
[c1, 2] = [5.56,6.77], [c1, c2] = [6.67, 8.08], [c1, c2] =
[
[

—_— — ——.

8.08,9.5], [c1,c2] = [9.5, 111, [c1,c2] = [11,12.6],
c1,c2] = [12.6, 14.3]. Combining all the above results
proves

Gi(t) + G2(t) =2 > 0, Vt e[0,14.3].

From the above discussions, it only remains to prove the
monotonicity of G(¢) and G,(t). Consider G(¢) first:

(B0
-(55)
383(1)gh(1)g3(1) —
g3 (1)
zgz(t)gz () + 2820)840)
330)

385 (1)ga(r) 3(1)ga(t)
2 g2

G\ ()

83 (1) g4 (1)

3
= ——g§(t)

3
) giit; [—g3(t) + g2(1)ga(t)].

Applying the Cauchy-Schwarz inequality yields:

(VA1)

82(1)ga(t)
sin 0

-l o |

0 (1 +1sin? 9)2

. /7 sin* 0 0
0 (14rsin’0)2

= g3 ().
Combining (V.41) and (V.42), we proved that G/ (1) > 0,
and therefore G1(r) is monotonically increasing. For
G»(t), we have

sin® @

(1 +tsin?0)3

do

(V.42)

2(0)

g (g + g1 g5 (1)
1 1
5g§(t) +g1(0) (—Ega(f))

1
= E[gg(t) —81(1)g3()].
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Again, using Cauchy-Schwarz we have

g1()gs(t)

3 L :
:/ (1 + ¢ sin 0)2d9-/
0 0
z 2
2
z/ do
0

= 20,

Combining the previous two equations

G (1) = 0, which completes our proof.

Case II: We next prove (V.36) for s2 < 0.07, which is
based on a different strategy. Some manipulations of the

RHS of (V.36) yields:
sin? 6
y (1= x)T?(x)

/i2 n 0+ 5‘2 /
(Sl )2
X B X

EWTK)

where E(-), K(-) and T(-) are elliptic integrals defined
in (A.1), y is a constant defined in (V.37), and x is a new
variable:

4
0

sin . 40

(1 +tsin?0)2

sin? @

(1 + £ sin2 )2

leads to

(ii)

l—ys 51n26’+s2

do

(sin® @ + sz) 2

,  (V43a)

!
S 4s?
From our reformulation in (V.43), the inequality in (V.36)
for s2 < 0.07 becomes
E(x)T (x) (1 —x)T?%(x)
x B x2

X (V.43b)

> 1, xe[0.93,1).
(V.44)

Note that 0.93 < 1/(140.07) and thus proving the above
inequality for x € [0.93,1) is sufficient to prove the
original inequality for s> < 0.07 (note that x =1 /(14s2),
see (V.43b)).

With some further calculations, (V.44) can be reformu-

lated as
¥ EWTE) —x €[0.93,1). (V.45)
> 93, 1). .
0 (-xn
The following inequality is due to [59, eq. (1)]
Tx)<x<1, Vxe(0,1).
Hence,
x EX)Tx)—x E@T(kx)—x
, € (0, 1),
T2(x) (1 —x) 1—x
and to prove (V.45) it suffices to prove the following
Ex)T(x) —
EOTW =X oy c[0.93. 1), (V46)

1—x

To this end, we will prove that the LHS of (V.46) is a

strictly increasing function of x € [0.93, 1). If this is true,
we would have

E(x)T(x)—x

1—x

- E(x)T(x)—x

1—x

16
— ~0.3789,
T

lx=0.93 ~ 0.385

Sy =2- x €[0.93,1).
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We next prove the monotonicity of E(")ffg)_x From the
identities in Lemma 18, we derive the following

[Ex)T(x) —x]'
_ E2(x) —2(1 —x)E()K(x) + (1 — x)K*(x)
- 2 x -

Hence, to prove that E(")ffg)_x is monotonically increas-

ing, it is sufficient to prove the following inequality

(Ez(x) —2(1 —x)E(x)K (x) + (1 — x)K?(x) B 1)
2x
(1—=x)—[EX)T(x) —x](—1) > 0.

1.

(VA7)

Now, substituting 7T (x) = E(x)—(1—x)K (x) into (V.47)
and after some manipulations, we finally reformulate the
inequality to be proved into the following form:

T()c)2 >2x— sz(x).

It can be verified that equality holds at x = 1. We next
prove that T(x)?> + xE(x)> — 2 x is monotonically
decreasing on [0.93, 1). We differentiate once more:

(T(x)* +xE(x)> =2 x)
=2Ex)?*—-(1-x)K(x)>-2.

Our problem boils down to proving 2 E(x)? — (1 — x)
K(x)> —2 < 0 for x € [0.93,1). We can verify that
2 Ex)>?— (1 —x)K(x)> —2 = 0 holds at x = 1.
We finish by showing that 2 E(x)*> — (1 — x)K (x)? — 2
is monotonically increasing in x € [0.93, 1). To this end,
we differentiate again:

RE(x)* — (1 —x)K(x)* -2/
K(x)> —3E(x)K (x) + 2E(x)?
X

[K@) - 3E®] - LEG)?

X

(V.48)

We note that K (x) — % + ﬁ E(x) is a monotonically
increasing function in (0,1) since K (x) is monotonically
increasing and E (x) is monotonically decreasing. We ver-
ify that K(x) — ( )E(x) > 0 when x > 0.93.
Hence,

3 1
2t 5

K(x)— (% + %) E(x) >0, Vxe[093,1),

and therefore

2
(K(x) — %E(x)) > %E(x)z, Vx €[0.93,1).
(V.49)

Substituting (V.49) into (V.48), we prove that [2 E (x)2 —
(1—x)K (x)®2=2] > 0 for x € [0.93, 1), which completes
the proof.
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E. Proof of Lemma 5: Behavior of the SE in R; U'R;

First, we introduce a function that will be crucial for our
proof.
Definition 5: Define

>
N

3 (¢ (@)

e @]

L(a; 0) =

, a€(0,1),

SA

(V.50)
where ¢1 : Ry +— [0, 1] and ¢ : Ry +— Ry below:

sin? 0

%
@1(s) é/ —do,
0 (sinzé‘—}—sz)z

3 2sin26 + 52
$os) 2 / S e
0 (sin2 0+ s2)?

(V.51a)

do, (V.51b)

where ¢f1 is the inverse functions of ¢1. The existence of
o ! follows from its monotonicity, which can be seen from its
definition.
In the following, we list some preliminary properties of
L(a; 0). The main proof for Lemma 5 comes afterwards.
o Preliminaries:
The following lemma helps us clarify the importance of
L in the analysis of the dynamics of SE:
Lemma 10: For any a > 0, 62 > 0 and 6 > O,
the following holds:

L [m(a,az); 5] < ya(a, 0% 0),
where w1 and yo are the SE maps defined in (11.2), and
L(a; 0) is defined in (V.50).

Proof: Define X =X {(a,0D)|a > 0,62 > 0}. Let Y

be the image of X under the SE map in (I1.2). We will
prove that the following holds for an arbitrary C € [0, 1]:

(V.52)

L(C;0) = min  y2(@,6%0),  (V53)
(a,6%)e
where (a, 62) satisfies the constraint

y1(a,6% =C.

If (V.53) holds, we would have proved (V.52). To see
this, consider arbitrary (a, ¢2) such that y(a,o?) = C.
Then, we have

2 @ . A a2 o @O 2
L[t//l(a,a ); 5] = min y2(a,6%;90) < wa(a,0%;9),

@,6%)

where step (a) follows from (V.53) and v (a, 02) =C,
and step (b) holds since the choice @ = a and 62 = 62 is
feasible for the constraint w1 (@, 62) = wi(a, o?). This
is precisely (V.52).
We now prove (V.53). From (II.2a) we have

/2 02

) a sin” 0

a,0°) = do.
il ) /0 (a2 sin% 0 4 02)1/2

Furthermore, from the definition of ¢ in (V.51a) we have

A A

16,67 = (g) )

(V.54)

| Q

Authorized licensed use limited to: Harvard Library. Downloaded on April 16,2020 at 00:48:19 UTC from IEEE Xplore. Restrictions apply.



3618

Similarly, from (II.2¢c), i.e. the definition of y», and
the definition of ¢, in (V.51b), we can express

26, 3% ) as
[&2+&2+1—&.¢2(§)}
o

[(1 +s962+1—a -¢2(s)].

y2(@, 6% 0) =

&~ Xl &

)

From (V.54), we see that fixing y1(4,6%) = C is
equivalent to fixing s = ¢f1(C). Further, for a fixed s,
w>(d, 62) is a quadratic function of &, and the minimum
is achieved at

. k) 4O
2(1+52) 2[1+<¢1_1(C))2}

Omin =
and 2 (Omin, 62:0) is

A A2, _ f _ ¢%(5)
w2 (Omin, 673 0) = 5 (l 4(1 _Hz))
B3, 1 (C)

4 (1 n [¢;1(C)]2)

= L(C;9),

4
=—_]1-
0

where the last step is from the definition of L is (V.50).
This completes the proof. (]
To understand the implication of this lemma, let us
consider the ¢ iteration of the SE:

2
Or41 = l//l (af’ 0-[ )5
2

o = wo(ay, 0,2; 0).
Note that according to Lemma 10, no matter where
(ar,07) is, (o141, 02, ) will fall above the curve defined
by 62> = L(a;0). This function is a key component
in the dynamics of AMP.A. Before we proceed further,
we discuss two main properties of the function L(a; d).
Lemma 11: L(a; 0) is a strictly decreasing function of
a € (0,1).

Proof: Recall from (V.50) that L(a; 0) is defined as

Y PP () I
L(a;0) = 5( 41 + (¢1_1(0!))2))

(1 bt @),

0
where I : Ry +— R is defined as
$3(s)
hLis) = 2 V.55
2(s) 0D (V.55)

From (V.51a), it is easy to see that ¢(s) is a decreasing
function. Hence, to prove that L(a; d) is a decreasing
function of a, it suffices to prove that I>(s) is strictly
decreasing.
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Substituting (V.51b) into (V.55) yields:

P3(s)
L(s) = 4(1sz)

B 1 /2 2sin? 0 + s2
4+ \Jo (sin2 0+ sz)%

2
1 1 2 1
W lhE SR
4 1+s2 1+s2 1+s2

_ %[2E(x) — (1 =K®P,

where step (a) is obtained through similar calculations as
those in (A.5), and in the last step we defined x = &7
Hence, to prove that I>(s) is a decreasing function of
s, it suffices to prove that [2E(x) — (1 — x)K (x)]? is an
increasing function of x. Further, 2E (x) — (1 —x)K (x) =
T (x)+ E(x) > 0 (form the definition of 7 (x) in (A.1)),
our problem reduces to proving that 2E (x) — (1 —x) K (x)
is increasing. To this end, differentiation yields

RE(x)— (11— 0K )] 2 E(x) - (;x— x)K (x)

() <o,

o1
2
where (a) is from the differentiation identities in
Lemma 18, (b) is from (A.1), and T(x) > 0 fol-
lows from Lemma 18 (ii) together with the fact that

T(0)=0. O
The next lemma compares the function L(a;d) with
F, 1_1(0().

Lemma 12: If 6 > damp, then

Fl_l(a) > L(a;0), VYo € (0,1).

Proof: ~We prove by contradiction. Suppose that
L(a; ) > Ffl(&) at some a € (0, 1). If this is the case,
then there exists a 62 such that

Fl (@) <6 < L(@&; 0). (V.56)
Since F7 is a decreasing function (see Lemma 9), the first
inequality implies that & > Fi(62). Then, based on the
global attractiveness property in Lemma 7 (iii), we have

v1(6,6%) < é. (V.57)

Further, Lemma 3 shows that Ffl(&) > Fy(a; d) for
d > damp, and using (V.56) we also have 62 > Ffl (@) >
F>(a; ). Also, from (V.56),

2
2 A o (@ ) 4 T 4
o SL((Z,&)<L(0,5):5(1—E)<gfﬂmax,
where (a) is due to the monotonicity of L(a;d) (see
Lemma 11). From the above discussions, F»(a;d) <

6% < 02,.. We then have (for & > damp):

® (
p2@,6%0) € 52 2 1@ 0 < L@ 62:9],

(V.58)
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where step (a) follows from the global attractiveness
property in Lemma 8 (iv), step (b) is due to the hypoth-
esis in (V.56), step (c) is from (V.57) together with
the monotonicity of L(a;d) (see Lemma 11). Note
that (V.58) shows that y(a,62%; ) < L [m(&,&z); 5],
which contradicts Lemma 10, where we proved that
ya(a, 0% 6) = Lwi(a,0?); ] for any a > 0, 6% > 0
and ¢ > 0. Hence, we must have that L(a; d) < Fl_l(a)
for any a € (0, 1). O
Lemma 13: The following holds for any a € (0, 1) and
0> 0,

4 2 1
L(a;0)> - (1 - = —-a? V.59
wo=3(1-T-54) @
where L(a, 0) is defined in (V.50).
Proof: From (V.50), proving (V.59) is equivalent to
proving:
2041 2
1
H @) S, Va e (0,1),

Ty [+ @ @2] 1

(V.60)
where ¢1 : [0,00) +— [0, 1] and ¢; : [0, o0) — [0, 00)
are defined as (see (V.51a) and (V.51b)):

T . 20
b1(s) = / T 4e, (V6la)
0 (sin2 0+ s2)7

z 2§ 2(9 2

bo(s) = / ZSOEST 490 (Vielb)
0 (sin?@ + s2)2

We make a variable change:

o = ¢1(s).
Simple calculations show that (V.60) can be reformulated
as the following

1 2
T2 +52¢§(~‘) < % +2¢43(s), s€(0,00). (V.62)

Let us further define

3 |
P3(s) = / (sin® @ + 5%)2d6. (V.63)
0
From (V.61) and (V.63), we have
h2(s) = P1(s) + P3(s),

and (V.62) can be reformulated as

[$1(s) + $3()I* = (1 + s )[ + 261 (s)}
(V.64)

To this end, we can write the LHS of (V.64) into a
quadratic form of ¢ (s):

616) + 42008 — (14 [+ 26700
= ¢1(s) + p3(s) + 201 (5)p3(s) — (1 +57)
2
« [% + 2¢%(s)i|

2
= —(14+2)4] () + 201 ()93(5) = - (1 +57) + $36).

3619

Hence, to prove that this quadratic form is negative
everywhere, it suffices to prove that the discriminant is
negative, i.e.,

2
4¢3 (s) + 4(1 +252) [—%(1 +52) + ¢§(s)} <0
or

2
P2(s) < %(1 +252).

Finally, by Cauchy-Schwarz we have

z 2
$3(s) = |:/2(sin29+s2)éd9:|

5/ 1d9/ sin 6‘+s>d<9
=—(—- =—(1+2
2 (4 + 2S ) ( +25),
which completes our proof. 0
Lemma 14: For any o € [0, 1], wz(a o2 ; OAMP) IS an

increasing function of o* on o® € [L(a;damp), ),

where the function L(a; 0) is defined in (5).

Proof: From Lemma 8 (v), the case o > a4, ~ 0.53
is trivial since then y» (02, a; damp) is strictly increasing
in 62 € R4. In the rest of this proof, we assume that
o < a,. We have derived in (V.10) that

oy (a, a%;0) 1 1
e S (e o> E = ,
0z e i )50
(V.65)
where

A
S =

2]

Hence, the result of Lemma 14 can be reformulated as
proving the following:

L(a; o
o> f(s), Vs> M, a € [0, ay).
a
We proceed in three steps:
(i) In Lemma 13, we proved that the following holds

for any a € [0, 1]:

L(a; damp) = L(a, damp)

4 2 1,
1—-—— = . V.66
OAMP ( 16 2a ) ( )

For convenience, define

» v L(@; damp)

s(a) =
a
(i) We prove that f(s) is monotonically decreasing on

s € [f(a),oo) for o < ay.
(iii) We prove that the following holds for a < a.:

a> f(5(a)).

Clearly, (V.65) follows frpm theAabove claims. Here,
we introduce the function L since L has a simple closed-
form formula and is easier to manipulate than L(a).

>

(V.67)
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We next prove step (ii). From (V.19), it suffices to prove
that

S(a) > s4, Va < oy,

where s, and a, are defined in (V.24) and (V.23) respec-
tively. To this end, we note that the following holds for
o < ay:

\/1:(0!; OAMP) . \/1:(06*; OAMP) -

a s

S(a) =

1.18,

where the inequality follows from the fact that L in (V.66)
is strictly decreasing in o, and the last step is calculated
from (V.66) and a, ~ 0.527 . Finally, numerical evalua-
tion of (V.24) shows that s, ~ 0.458. Hence, §(a) > s4,
which completes the proof.

We next prove step (iii). First, simple manipulations
yields

wl@e 4 [(_22) L 1
2 _5AMP 16 a2 2|

(V.68)

§2(ar)

a

where (a) is from the definition of §(a) in (V.67) and (b)
is due to (V.66). Using (V.68), we further obtain

16 — z2
o = _——.
45ampS2(a) + 8

Now, from (V.69) and (V.17b), we have

(V.69)

16 — z2

a—f(ﬁ(a)) > 0 <— m

1 1
- E 0.
21+ §2(a) (1 +§2(a)) g

(V.70)

We prove (V.70) by showing that the following stronger
result holds:

| 16— n? ! E( ! )>0 Vi eR
40amp2 +8  2JT+12 \1+122 ’ *

(V.71)

For convenience, we make a variable change:

a1

IR

With some straightforward calculations, we can rewrite
(V.71) as

X

E) \/ 16 — n2
xX) <
damp(l —x) +2 x

The following upper bound on E(x) is due to
[60, eq. (1.2)]:

T X
E Z1—2, vxe(o,1].
()c)<2 > x € (0,1]
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Hence, it is sufficient to prove that

T [ x 16 — n2
—/1—-=< ,
2 2 oamp(1 —x)+2x

which can be reformulated as
X 4
(1 - 5) (damp — (damp — 2)x) < p(m—ﬂz) = OAMP,

where the second equality follows from the definition
OAMP = % — 4. The above inequality holds since 0 <
1 - % < 1 and 0 < damp — (damp — 2)x < damp. This
completes the proof. 0
Lemma 15: For any o € [0,1], w2 (a, L(a; 0);0) is a
strictly decreasing function of 6 > 0, where L(a; 0) is
defined in (V.50).

Proof: From the definition of L(a;d) in (V.50),
we can write

1
2 (a, L(at; 0); 0) = w (a, ~5% 5) ,

0
where (note that ¢ is not the conjugate of o)
20 4—1
2841~ ¢2(¢1 (@)

414+ @ @]

A key observation here is that 52 does not depend on .
Clearly, Lemma 15 is implied by the following stronger
result:
oy (a, %52; 5)
00

which we will prove in the sequel. For convenience,
we define

<0, V62>0, a>0, 6>0,

o 1
s22 ég and 5 = /75. (V.72)
a
Using these new variables, we have
l_,
o, =60
l//2( 50 )
=w (a,yﬁz; y’l)
% 2.in20 2
sin“60 +ys .

— 4y (1+y§2)a2+1—a/2 1

0 (sin?0 + y52)?
where the last equality is from the definition of y»
in (IL.2c). It remains to prove that y» (a, ya?; y_l) is
an increasing function of y. The partial derivative of
wa(a, 02;0) wrt. y is given by (V.73) (as shown on
the top of the next page), where in step (a) we used
the relationship s2 = y§2 (see (V.72)), and step (b) is

from thez id?ntities in (A.5). From (V.73), we see that
0 ey T . . .
% is a quadratic function of a. Therefore,

0 _2; -1 .
to prove % > (), it suffices to show that the

discriminant is negative:

(552 + 4)E (lﬁ)—zszK ( 1

2
-)
W ) 414262 <0.
S

(V.74)
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0 a, 0—.2; -1 z 7si 2 0 2 1 z 254
va @ r5% 7Y = 4(1+2y%)a? — 4a / S‘“—”Sldmr—/ — 40 )+4
oy 0 (sin26 + y352)2 2Jo (sin?6 +y52)2
3 2sin?0 + 52 1 [z 4
9D (1 42620 - 4a / T +sld<9+—/ ———dh | +4
0 (sin2 0+ s2)? 2Jo (sin?0 + s2)3
52 +4E (1) - 29K (1)
D 4(1 + 25%)0? - 4a - =) 44, (V.73)
24/1 + 52
Further, to prove (V.74), it is sufficient to prove that the To prove h'(x) > 0, it is equivalent to prove
following two inequalities hold: 4x
1 1 3(1 —x)a/2 —x
2 a2
(5s +4)E(1+s2) 2s K(1+s2) >0, (V.75a) > K(x) — E(x)
2 1 2 .2 ot
and :/ 71%'—/ (1 — xsin“6)2do
. | 0 (1 —xsin?6)2 0
55> +4)E —25°K 5 in2 ¢
G+ (1+s2) ’ (1+s2) z/szlde. (V.77
0 . T
<4/1+52/1+252. (VT5b) (1 - xsin”0)>
Noting 0 < x < 1, we can get the following
We ﬁr.st prove (V.75a). It is sufficient to prove the z < sin20 Y
following —df < ——do
1 | 0 (1—xsin?6)2 o 1—xsin“f
(4s2 + 4)E (—2) —25%K ( 2) > 0. (V.76) _z ( o 1)
1+ 1+s 2 m .
Applying a variable change x = ﬁ we can rewrite Hence, to prove (V.77), it suffices to prove
(V.76) as 4x s ( 1 1)
e — > JE— N — ,
4E(x) —2(1 — x)K(x) >0 3(1—x)v2—x 2 1—x
x ’ which can be reformulated as
The above inequality holds since 8 1 V1 —x
— > .
37 /2 — T—
AE() —2(1 — )K(x) > 2E(x) —2(1 — x)K (x) S ’; 1d2 SR At
—2T() > 0, e 1ne;1ua 1t31/ olds s;nce1 1
N .. . — > ——> -, Vxe(0,1),
where the last equality is from the definition of T (x) in 3rJ2—x 3n 2 2
(A.1). and
We next prove (V.75b). Again, applying the variable
— 1 ~ - V1-x
change x = ;—— and after some straightforward manip- — <=, Vxe(0,1).
ulations, we can rewrite (V.75b) as I+/1—-x 2
O

h(x)/x <0, xe€(0,]1),
where
h(x) £ —x)E(x) —2(1 —x)K(x) — 442 —x < 0.

Hence, we only need to prove h(x) < 0 for 0 < x < 1.
First, we note that lim,_, - h(x) = 0, from the fact
that £(1) = 1 and lim,_,;-(1 — x)K(x) = 0 (see
Lemma 18 (i)). We finish the proof by showing that /(x)
is strictly increasing in x € (0, 1). Using the identities in
(A.2), we can obtain

3(1—x)(E(x)— K(x)) 2
— _l’_ .
2 X 2—x

h(x)=

Main proof

We now return to the main proof for Lemma 5. Notice
that by Lemma 10, (ay,, 0,%) cannot fall below the curve
L(a; 0) for tg > 1. Hence, for R,, we can focus on
the region above L(a; ¢) (including L(a; d)), which we
denote as Ry,. See Fig. 7 for illustration.

We will first prove that if (a,az) € Ri1 U Ry, then
the next iterates w1 (a, 02) and o (a,o?) satisfy the
following:

yi(a,0?) > Bi(a,c?), (V.78a)
and

ya(a, 0%) < Ba(a,0?), (V.78b)
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0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Fig. 7. Illustration of the convergence behavior. R and R, are defined
in Definition 4. For both point A and point B, Bj(a, o2) and By (a, 02) are
given by the two dashed lines. After one iteration, Rpp, will not be achievable
and we can focus on Ro,.

where Bi(a, 62) and Bs(a, 62) are defined as
Bi(e,0?) £ min fa, Fi(e?)]
Ba(a, 02) 2 max {02, F;‘(a)} O (VT9)

Note that when (a, 62) is on Ffl (ie., 6% = Ffl(a)),
equalities in (V.78a) and (V.78b) can be achieved. Further,
this is the only case when either of the equality is
achieved. Also, it is easy to see that if («, 02) is on Fl_l,
then (y1(a, 02), y2(a, 6%)) cannot be on Fl_l.

Since Fl_1 separates R1 and Ry, (V.79) can also be
written as

[Bi(e, 0%), Ba(a, 0 %)]
. [Fl(az),az] if (a,az) e Ri,
e, F @)1 if (@, 02) € R

As a concrete example, consider the situation shown
in Fig. 7. In this case, for both point A and point B,
Bi(a,0?) and Bs(a,c?) are given by the two dashed
lines. This directly follows from (V.80) by noting that
point A is in region R; and point B is in region Ry,.
Let Rza\Fl_l(a) be a shorhand for {(a, o2)|(a, 02) €
Roa, a0 # Fi (02)}. To prove the strict inequality in
(V.78), we deal with (a,02) € R; and (a,02) €
Roa\F; Y(a) separately.

1) Assume that (a,02) € Ry. Using (V.80),

the inequality in (V.78) can be rewritten as

(V.80)

w1(a,02) > Fi(c?) and wz(a,az) <o’

(V.81)

Since (a,az) € R, we have ¢? > Ffl(a).
Then, applying (V.4) proves w1 (a,c?) > Fi(c?).
Further, using Lemma 3, we have 62 > F l_l(a) >

F>(a). Also, Lemma 4 guarantees that 62 < g2,

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 6, JUNE 2019

2)

~1 2 2
Hence, F| (a) < 07 < 0Opa

Lemma 8 (iv) yields y»(a, 0%) < o2.
We now consider the case where (a,02) €
Rza\Fl_l(a). Similar to (V.81), we need to prove

and applying

w1 (a,az) > a and 1//2(0(,02) < Ffl(a).
(V.82)

The inequality w1 (a, 6%) > a can be proved by the
global attractiveness in Lemma 7 (iii) and the fact
that 62 < F; '(a) when (a,02) € Roo\F; ' (@).
The proof for ya(a, 02) < Ffl(a) is considerably
more complicated and is detailed in Lemma 16
below.

Lemma 16: For any (a,02) e Rog (see
Definition 4) and 6 > Jamp, the following
holds:

wa(a, 0% 0) < F; N (a), (V.83)

where y is the SE map in (I1.2c) and Fl_1 is the
inverse of F| defined in Lemma 7.

Proof:
The following holds when («, 02) € Roy:

wa(a, 0% 0) < max yo(a, 62 6),
62eD,

where

D, 2 {&2}L(a; §) <o’ < F;l(a)}. (V.84)
Hence, to prove (V.83), it suffices to prove that the
following holds for any ¢ > damp and a € [0, 1]:

ax 1//2(0:,6'2; 0) < Fl_l(a). (V.85)
2eD,

o
We next prove (V.85). We consider the three differ-
ent cases:
(i) o € [ay, 1] and all 6 € [damp, 00), Where a, is
defined in (V.9).
(i) a € [0, ay) and 0 € [oamp, 17].

(iii) a €[0,a4) and 0 € (17, 0).

Case (i): Lemma 8 (v) shows that y» is an increas-
ing function of ¢2 in R, . Hence, by noting (V.84),
we have

max ya(a, 6% 6) = ya(e, Fy ' (0); 9).

c%2eD,

Therefore, proving (V.89) reduces to proving
vale, F ' (@):0) < F (@) (V.86)

Finally, (V.86) follows from the global attractive-
ness property in Lemma 8 (iv) and the inequality
Fl_l(a) > F>(a; 0) in Lemma 3.

Case (ii): We will prove that the following holds for
a € [0,ay) and 0 € [damp, 17] (at the end of this
proof)

max ya(a, a%; 9)

62€D,

= max {pa(e, L3 9):0), vl F'(@): 9))
(V.87)
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Namely, the maximum of w> over o2 is achieved

at either g2 = L(a; d) or g2 = Ffl(a). Hence,
we only need to prove that the following holds for
any a € [0, ax) and 0 > damp:

maX{m(a,L(a;é); 9), ya(a, Ffl(a);é)}
< F{ (@), (V.88)

In the sequel, we first use (V.87) to prove (V.85),
and the proof for (V.87) will come at the end of this
proof.

Firstly, it is easy to see that y»(a, F 1_1(05); 0)
is a decreasing function of o, since w2 (a, o?; J)
is a decreasing function of ¢ and Ffl(a) does
not depend on J. Further, Lemma 15 shows that
wa(a, L(a; 0); 0) is also a decreasing function of d.
(Notice that unlike F|~ 1(oc), L(a; 6) depends on 4,
and thus Lemma 15 is nontrivial.) Hence, to prove
(V.88) for 6 > damp, it suffices to prove (V.88) for
0 = damp, namely,

max {Wz(a, L(a: 9); damp), w2(a, F; ' (a); 5AMP)}
< F7 Y a). (V.89)

When 6 = Jamp, we prove in Lemma 14 that
wy is an increasing function of o2 in ¢ €
[L(a; damp), ). (Such monotonicity generally
does not hold if ¢ is too large.) Further, Lemma 12
shows that Ffl(a) > L(a; oamp). Hence,

wa(a, L(a; 0); damp) < wa(a, Fy ' (@); damp),
and thus proving (V.89) reduces to proving
wala, Fy ' (@); Samp) < Fy (@),

which follows from the same argument as that
for (V.86).

Case (iii): Lemma 8 (iii) shows that y» (a; a2 0) <
% for any a2 e|o, J%ax]. It is easy to see that D, C
[0, 52 1, and thus

> Y max
2 4 4
max yo(a,07;0) < - < —~0.235. (V.90)
o2eD, 0 17
Further, Lemma 9 shows that Ffl : [0,1] —

[0, 72/16] is monotonically decreasing. Hence,
F (@) > F{ Na,) ~ 0.415, (V.91)

where the numerical constant is calculated from the
closed form formula Fl_l(a) = a2 -Lgbl_l(a) (see
(V.34)) and a4 ~ 0.5274 (from (V.9)). Comparing
(V.90) and (V.91) shows that (V.85) holds in this
case.

It only remains to prove (V.87). We have shown in
(V.17) that

owa(a, 02; 9) 4 1 E 1
o0 29—
oc? da 21 + 52 1+s2))
f(s)

(V.92)

3623

where s = ¢ /o.. Further, we have proved in (V.19)
that f(s) is strictly increasing on [0, s4) and strictly
decreasing on (s, 00), where s, is defined in (V.24).
Hence, when f(0) = 0.5 < a < f(sx) = ax, there
exist two solutions to

a = f(s),

denoted as s (a) and s> (a), respectively. Also, from
(V.92) and noting the definition s = ¢/a, we have
0 s 2.5
M > 0o’ € [O, af(a))
ol
U (o2 (@), ),
oy (a, 02 9)
oc?
where o2 (a) = o2 s2(a) and o3 (a) = o2 53(a).
Hence, for fixed a where a € (f(0), f(s+)), alz(a)
is a local maximum of y, and 022(a) is a local
minimum. Clearly, if

<0&eso’e [012(0!)»022(0‘)]»

L(a:9) = o{(a), (V.93)

then the maximum of y, over o2 S

[L(a;0), Ffl (¢)] can only happen at -either
L(a;9) or F;'(a), which will prove (V.87).
Further, for the degenerate case a € (0, £(0)), w2
only has a local minimum, and it is easy to see
that (V.87) also holds. Thus, we only need to prove
that (V.93) holds when ¢ < 17. This can be proved
as follows:

012(0() (%) sf ca? (Q sf cal (V.94)

*9

where (a) is from the fact that s;(a¢) < s, and
(b) is from our assumption a < a4. On the other
hand, since L(a) is a decreasing function of a (see
Lemma 11), and thus for o < a, we have

L(a; 6) > L(ax; 9)
Y R (G C)
O\ 4+ @ @]

where the last step is from Definition V.50. Based
on (V.94) and (V.95), we see that L(a; J) > alz(a)
for o < ay if

20 4—1
4 | — ¢2(¢1 (ax)) ~ 17.04,

BRSPS

where the numerical constant is calculated based on
the definition of a, in (V.23), the definition of s, in
(V.24), and that of ¢; and ¢» in Definition V.50.
Hence, the condition 6 < 17 is enough for our
purpose. This concludes our proof. 0

., (V.95)

Now we turn our attention to the proof of part (i) of
Lemma 5. Suppose that (a,0%) € Ri U Ra.
Then, using (V.78) and based on the fact that
Fi(a) is a strictly decreasing function, we know that
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(y1(a, 0?), ya(a,0%)) € Ri URs. (See Definition 4.)
Further, Lemma 6 shows that (y1(a, 62), ya2(a, 62)) ¢
Rap. Hence, (y1(a, 02), ya(a, 0%)) € R1URaq. Apply-
ing this argument recursively shows that if (ay,, a,%) €
R1 U Ry, then (a,,atz) € Ri1 URy, for all t > 1.
An illustration of the situation is shown in Fig. 7.

Now we can discuss the proof of part (ii) of Lemma 5.
To proceed, we introduce two auxiliary sequences
{0/+1}r>1, and {6t2+1},2,0, defined as:

dr+1 = Bi(oy, o) and 62, = Bo(ar,07),  (V.96)

where B; and B, are defined in (V.79). Note that the
definitions of Bj(a, 02) and Ba(a, 0?) require (a, 0%) €
R1 U Ry,, and such requirement is satisfied here due
to part (i) of this lemma. Noting the SE update a,+; =
w1 (o, 0,2) and at2+ 1 = waloy, 0,2), and recall the inequal-
ities in (V.78), we obtain the following:

ars1 > i1 and o <G, V=1, (V.97

Namely, {a;+1}i>, and {6124_1},2,0 are “worse” than
{ots41}i>1, and {atzﬂ},zto, respectively, at each iteration.
We next prove that
lim @41 =1 and lim 6%, =0,  (V.98)
t—00 t—00
which together with (V.97), and the fact that o;41 < 1
and o;4+1 > 0 (since (o, atz) € Roa), leads to the results
we want to prove:

lim « =1 and lim 6%, = 0.
11— 00 t+1 11— 00 t+1

It remains to prove (V.98). First, notice that a;,+; < 1
and &t2+1 > 0 (Vt > ty), from the definition in (V.79).
We then show that the sequence {a;41};>7, 1S monotoni-
cally non-decreasing and {6124_1 }t>1, 1S monotonically non-

increasing, namely,

~ - ~2 ~2
Q142 = Ot+1 and 0-1_1,_2 = O‘[+19 Vi = lo, (V99)

and equalities of (V.99) hold only when the equalities
in (V.78) hold. Then we can finish the proof by the
fact that & and 62 will improve strictly in at2 most

. . . . 0. g

two consecutive iterations and the ratios agz, (;*22 are
t

continuous functions of (a,,atz) on [ay, 1] x [O,anznax].

(This is essentially due to the fact that equalities in (V.78)
can be achieved when o2 = F 1(oz), but this cannot
happen in two consecutive iterations. See the discussions
below (V.79).)

To prove (V.99), we only need to prove the following

(based on the definition in (V.96))
Bily1. v2] = Bi(a,0?)
and
By [y1, y2] < Ba(a,0%), V(a,0°) € Ri U R,

where y; and w» are shorthands for wi(a,c2) and
l//2((l,0'2; 0). From (V.79), the above inequalities are
equivalent to

min {y1, F1(y2)} > Bi(a, 02), (V.100)
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and
max fyo, T (un)] < Ba(a, o),

Note that (V.78) already proves the following

(V.101)

w1 > Bl(a,02) and y < Ba(a, 02).
Hence, to prove (V.100) and (V.101), we only need to
prove

Fi(y2) > Bi(a,0?) and F; '(y1) < Ba(a, 0?).

To prove Fi(y2) > Bi(a, 02), we note that

(a)
y2 < Ba(a,c?)
© max {02, Fl_l(a)}

O} Ffl (min {Fl(az),a})
9 Ffl (B](a,az)) ,

where (a) is from (V.78b), (b) is from (V.79), and
(c) is due to the fact that Ffl is strictly decreasing, and
(d) from (V.78). Hence, since F is strictly decreasing,
we have

Fiyn) = Fi [F7 (Bi(a. o) | = Bita, o?).

Further, it is straightforward to see that if both inequalities
are strict in (V.78) then

min {yy, F1(y2)} > Bi(a, 02).

This shows that equalities of (V.99) hold only when the
equalities in (V.78) hold.

The proof for Ffl(z//l) < Bs(a,0?) is similar and
omitted.

F. Proof of Lemma 6: Behavior of the SE in R

Suppose that (a, ¢2) € Ro. From Definition 4, we have

2
T e o2<g?
16 0" = Opax-

monotonically decreasing and hence

(V.102)

Further, Ffl is
(for 0> 5AMP)

n’ —1 -1
E:Fl 0) > F, (a) = F(a; 9),
where the last inequality is due to Lemma 3. Combining
(V.102) and (V.103) yields

(V.103)

Fy(a;0) < 0% <02, (V.104)

By the global attractiveness property in Lemma 8 (iv), (V.104)
implies
wo (a; 02; 0) < 2.
From the above analysis, we

2
2 2
T <0 <onx (@andalso 0 <a; < 1), 0

smaller than o7

see that as long as
2, will be strictly

a,2+1 = wo(ay; 0,2; 0) < 012.
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Hence, there exists a finite number 7 > 1 such that

2
2

2 T
d < —.
and o = 16

T
Or_1 > —

Otherwise, atz will converge to a 2 in Ry. This implies that
&2 is a fixed point of wy for certain value of 0 < a < 1.
However, we know from part (i) of Lemma 9 and Lemma 3
that this cannot happen.

Based on a similar argument, we also have y1(a; ¢2) < a
and so a;+1 < a; for t < T — 1. Further, we can show that
o; > 0 (e, oy # 0) forall 0 <t < T. First, a9 > 0
follows from our assumption. Further, from (II.2a) we see that
os+1 > 0 if a; > 0. Then, using a simple induction argument
we prove that a; > 0 for all 0 < ¢ < T. Putting things
together, we showed that there exists a finite number 7" > 1
such that

2 _ T :

0<ar <1 and o < 6

(Recall that we have proved in Lemma 4 that ar < 1.) From
Definition 4, (ar, a%) e RiUR,.

VI. PROOF OF THEOREM 3: LOCAL CONVERGENCE OF SE

We consider the two different cases separately: (1) 6 >
5global and (2) 6 < 5global-

A. Case 6 > dglobal

In this section, we will prove that when 6 > dglopal the
state evolution converges to the fixed point (a, 02) = (1, 0)
if initialized close enough to the fixed point. We first prove
the following lemma, which shows that Ffl is larger than
F>(a; ) for a close to one.

Lemma 17: Suppose that 6 > Jglobal = 2. Then, there exists
an € > 0 such that the following holds:

Fil (@) > Fx(a;9), Vae(l—gl). (VL1)

Proof: In Lemma 3, we proved that F l_l(a) > F>(a; )

holds for all &« € (0,1) when 6 > damp ~ 2.5. Here,

we will prove that F|~ Y(@) > F>(a: 6) holds for a close to

1 when 6 > Jglobal = 2. Similar to the manipulations given

in Section V-D, the inequality (VI.1) can be re-parameterized
into the following (Vs € (0, &)):

/z sinZ 4 ) /% (1 —ys2)sin?0 + 52
0 (sin29+s2)% 0 (sin29+s2)%

do > 1,

(VL.2)

where y = 1- 0/4 and ¢ = ¢>f1(e) (see (V.33) for the
definition of ¢). Again, it is more convenient to express (VI.2)
using elliptic integrals (cf. (V.44))

EQTW _p(=0T@ (1 . 1)’

X x2
(VL3)

where we made a variable change x 21 /(14s?%). To this end,
we can verify that

- EWT@)  y(1-0)T()

m - =

li
x—1 X x2

1.
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1—e€

Fig. 8. Illustration of the local convergence behavior when & > Jgiobal- For
all the three points shown in the figure, By and B, are given by the dashed
lines.

To complete the proof, we only need to show that the derivative
of the LHS of (VIL.3) in a small neighborhood of x = 1 is
strictly negative when J > Jglobal = 2. Using the formulas
listed in Section VI-B, we can derive the equation shown on
the top of the next page, where the last step is due to the facts
that £(x) = 1 and lim,_ (1 —x)K (x) = 0. See Section VI-B
for more details. Hence, the above derivative is negative if
y < % or 0 > 2 by noting the definition y =1 — /4. U

We now turn to the proof of Lemma 3. The idea of the proof
is similar to that of Theorem 2. There are some differences
though, since now J can be smaller than danp and some results
in the proof of Theorem 2 do not hold for the case considered
here. On the other hand, as we focus on the range a € (1 —
€, 1) > a, and under this condition we know that F>(c2; d) is
strongly globally attracting (see Lemma 8-(v)), which means
that w2 (a, 0%) moves towards the fixed point Fs(a; ), but
cannot move to the other side of F>(a; d).

We continue to prove the local convergence of the state
evolution. We divide the region R¢ = {((a,6)|1—e <a <1,
0<o?< Ffl (1 — €)} into the following sub-regions:

R & {(a,02)|1—6 <a<1,F )< 02§F1_1(1—e)},

€
2a

{(a,a2)|l —e<ac=<l,F(;d) < o’ < Fl_l(a)}

{(a,02)|1 —e<a<1,0< o2 < P (a; 5)} .
(V1.4)

€
2b

Similar to the proof of Lemma 5 discussed in Section V-E,
we will show that if («, 02) € R€ then the new states (1, y2)
can be bounded as follows (V(a, 0%) € R¢):

w1(a,02) > Bi(a, 02) and wz(a,az) < Bs(a, 02) (VL5)
where
Bi(a,0%) = min {a, F (02)}

B>(a, 0%) = max {02, Ffl(a)} .
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d (E(x)T(x) _a —x)Tz(x))

dx X x2

x—1
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2y x=HEX) -1 —x)K(x)+[4y (1 —x)+x]- (1 — X)K?(x) + 2y 2 — x) — x]E%(x)

2x3

_ 1
=y 2

x—1

Based on the strong global attractiveness of w; (Lemma 7-iii)
and y> (Lemma 8-v) and the additional result (V.7), it is
straightforward to show the following:

wi(a,0) > Fi(6?) and ya(a,6?) <o?, Y(a,0°) € RS,
wi(a,02) > a and yr(a,0%) <02, V(a,0°) € RS4s

w1(a, 02) >a and y(a, 02) < F(a;0), VY(a, 02) € RS
which, together with the definitions given in (VI.4) and the
fact that Fp(a; 0) < Fl_l(a) (cf. Lemma 17), proves (VL5).
The rest of the proof follows that in Section V-E. Namely,
we construct two auxiliary sequences {a;+1} and {512+1} where

&I+1 = Bl((l;, 012) and 6-t2+1 = Bz(at, 0-[2)»
and show that {a;+1} and {&t2+1} monotonically converge to

1 and O respectively. The detailed arguments can be found in
Section V-E and will not be repeated here.

B. Case 6 < dg1obal
We proved in (V.17) that

oyr(a,0%0) 4 L (!
— T =—a—-
do? oa 21 + 52 1+s2) )
f(s)

where s = 7. Hence, we have (note that E(1) = 1)

6w2(a,a2) 4 1
o 0)= =~ =-—(1-=—), va>o.
2y2(@, 0) 802 lo2=0 & 2) 7
(VL.6)
Therefore,
0 ,0)>1, V .
hwo(a, 0) o > 1 5

When 6 < dglobal = 2, we have 4%5 < 1 and therefore there
exists a constant a* that satisfies the following:

<a* <1
4—6 4 =0

which together with (VI.6) yields
y2(a*,0) > 1.

Further, as discussed in the proof of Lemma 8-(i),
0n 1//2(05*,02) is a continuous function of ¢2. Hence, there
exists ¢* > 0 such that

oya(a*,0%) > 1, Vo2 €0, (VL7)

Further, we have shown in (V.10) that

oyva(a,02;0) 4 1 [3 2
&g):_ 1__/ T _w)
o g 2Jo (a25in?0 +02)?

and it is easy to see that 621//2((1,02; 0) is an increasing
function of a € (0, c0). Hence, together with (VL.7) we get
the following

oy (a,6%:0) > 1, Y(a,02) € [a*, 1] x [0, EF],

which means that y»(a,02) — o2 is a strictly increasing

function of o2 for (a, 62) € [a*, 1] x [0, &*]. Hence,
4
1//2(0(,02) —o%> w(a,0) = 5(1 — oc)2 >0,

for any (a, o?) € [a*, 11x [0, £*]. This implies that o2 moves
away from 0 in a neighborhood of the fixed point (1, 0).

APPENDIX A
BACKGROUND ON ELLIPTIC INTEGRALS

The functions that we have in (II.1) are related to the first
and second kinds of elliptic integrals. Below we review some
of the properties of these functions that will be used throughout
our paper. Elliptic integrals (elliptic integral of the second
kind) were originally proposed for the study of the arc length
of ellipsoids. Since their appearance, elliptic integrals have
appeared in many problems in physics and chemistry, such
as characterization of planetary orbits. Three types of elliptic
integrals are of particular importance, since a large class of
elliptic integrals can be reduced to these three. We introduce
two of them that are of particular interest in our work.

Definition 6: The first and second kinds of complete elliptic
integrals, denoted by K (m) and E(m) (for —oo < m < 1)
respectively, are defined as [61]

z

K(m>=/02

3 .2t
E(m) = A (1 —msin©0)2d6.

1

——dé,
(1 — m sin? 6‘)%

(A.1a)

(A.1b)

For convenience, we also introduce the following definition:

T(m)=E(m)— (1 —m)K(m). (A.1c)
In the above definitions, we continued to use m, to follow the
convention in the literature of elliptic integrals. Previously, m
was defined to be the number of measurements, but such abuse
of notation should not cause confusion as the exact meaning
of m is usually clear from the context.
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Below, we list some properties of elliptic integrals that will
be used in this paper. The proofs of these properties can be
found in standard references for elliptic integrals and thus
omitted (e.g., [61]).

Lemma 18: The following hold for K (m) and E (m) defined
in (A.1):

(i) K(0) = E(0) = 5. Further, for ¢ — 0, E(1 — €) and

K (1 — €) behave as

E(l—e)=1+- (log% —0. 5) + 0(e?log(1/€))

4
K(1 —¢) =log (
Je
(i) On m € (0,1), K(m) is strictly increasing, E(m) is
strictly decreasing, and T (m) is strictly increasing.
(iii) For m > —1,

) + O(e log(1/¢)).

K(—m) =

7 ()
I+m l+m)’
E(—m) = V1 mE (L) .

14+m

(iv) The derivatives of K(m), E(m) and T (m) are given by

(form < 1)
oo Em)— (1 —m)K(m)
K'(m) = 2m(1 —m) ’

T'(m) = —K(m) (A2)
Furthermore, we will us% a few more elliptic integrals in
our work. Next lemma and its proof connects these elliptic
integrals to Type I and Type 1II elliptic integrals.
Lemma 19: The following equalities hold for any m > 0:

3 cos2 6 sin? @
/ T =T 40, (A3
0 (l+m51n<9 0 (14 msin (9)
T3 20 1
/2 _omeos 7 d6+/ )
0 (14 msin® 9)7 0 (1 +msin2<9)5
T 14 2msin?6
— / P 2msint0 g, (A3b)
0

(1 + msin®0)?

Proof: We will only prove (A.3b). (A.3a) can be proved in
the same way. The idea is to express the integrals using elliptic
integrals defined in (A.l), and then apply known properties
of elliptic integrals (Lemma 18) to simplify the results. The
same tricks in proving (A.3b) are used to derive other related
integrals in this paper. Below, we will provide the full details
for the proof of (A.3b), and will not repeat such calculations
elsewhere. The LHS of (A.3b) can be rewritten as:

/% d@—/% 3m sin% 0 40
0 (1—|—msin 0)2

3m

(1 4+ msin26)>

2 1 1+2 0
g [ s,
0 (1+msin®0)2 0 +m5in26’)7

(A4)

The equality in (A.4) can be proved by combining the
identities shown at the top of the next page together with
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straightforward manipulations. In (A.5), as shown at the top
of the next page, K (m) and E (m) denote the complete elliptic
integrals of the first and second kinds (see (A.l)). First,
consider the identity (i) in (A.5):

z in20
/2 sin a0
0 (14 msin®0)2
1 /3 P 1 (3 1
= — | (1 +msin 9)2d6——/ —d0
m Jy m Jo (1+msin26’)7

@ LieCm) — k(my
m

1
@—[«/1+mE( e )—
m 1+m

1 m
K >
JT+m (1 + m)i|
(A.6)
where (a) is from the definition of K (m) and E(m) in (A.1),
and (b) is from Lemma 18 (iii).
Identity (ii) can be proved as follows:
b d (% 1
/ —2— —dd
0 dm Jo (14 msin?0)2

. 20
sin 40 =
(1 + msin?6)2
d
= 2—K(—
Im (=m)
@ (I +m)K(—=m)— E(—m)
N m(1 + m)
o X () - £ (&)
B 14+m
where (a) is due to Lemma 18 (iv) and (b) is from
Lemma 18 (iii).
For identity (iii), we have

2 1
/ b
0 (14 msin®6)2

3 1
e
0 (14 msin®6)2

, (A7)

T )
0
g_m./zLﬂw
0 (1+msin®6)2

@ g )_m.(1+m)K(—m)—E(—m)
m(1l 4+ m)

_ E(-m)

1+ m

» 1 m
- mE(1+m)’ A5)
where step (a) follows from the third step of (A.7), and step
(b) follows from Lemma 18 (iii).

Identity (iv) can be proved in a similar way:

3 in20
/ sin 5d<9
0 (14 msin?6)2

T

2 d [2 1
= —.— —df
3 dmJo (1+msin6)?
@ _2 d ECm
3 dm 14m
® (1+m)K(=m)— (1 —m)E(—m)
N 3m(1 + m)?
(i) ( m)E (1+m) - K (H—Lm)
Sm(l—}—m)% ’
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. bl sin @ (m+1DE HLm - K HLm
(@: / ~do = ( ) ( ) (A.5a)
0 (14 msin?0)2 m«1+m
% sinte K () - £ (%)
(>ii): / >d0 = , (A.5b)
0 (1+msin?0)2 m+/1+m
(iif) /% : : E( o ) (A.50)
1ii): = s Sc
0 (1+msin?6)? VIitm \1+m
s . 29 —(l—m)E m +K mm
(iv): / L (”’") 3 (” ) (A5d)
0 (14 msin®6)2 3m(l +m)2
z 2m +2)E (2 ) — K (&
1 m m
(v): /2 _do = (” ) i (” ) (A.5e)
0 (1+msin20)? 31+ m)2

where (a) is from the third step of (A.8), step (b) is from
Lemma 18 (iv) and (c) is from Lemma 18 (iii).
Lastly, identity (v) can be proved as follows:

5 1
/ b
0 (14 msin®6)2

2 1 3 sin 0
[l [
0 (14 msin26)2 0 (14msin®6)2
@ E(=m) o (1+m)K(—m) — (1 —m)E(—m)
C 14m 3m(1 +m)?
2(m+2)E(1+Lm)—K(1;"m)

3(1+m)?

where step (a) follows from the derivations of the previous
two identities and (b) is again due to Lemma 18 (iii). O

do

®

>
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