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Abstract

We consider an inverse problem y = f(Ax), where @ € R™ is the signal of interest, A is the sensing matrix, f
is a nonlinear function and y € R™ is the measurement vector. In many applications, we have some level of freedom
to design the sensing matrix A, and in such circumstances we could optimize A to achieve better reconstruction
performance. As a first step towards optimal design, it is important to understand the impact of the sensing matrix on
the difficulty of recovering « from y.

In this paper, we study the performance of one of the most successful recovery methods, i.e., the expectation
propagation (EP) algorithm. We define a notion of spikiness for the spectrum of A and show the importance of
this measure for the performance of EP. We show that whether a spikier spectrum can hurt or help the recovery
performance depends on f. Based on our framework, we are able to show that, in phase-retrieval problems, matrices
with spikier spectrums are better for EP, while in 1-bit compressed sensing problems, less spiky spectrums lead
to better performance. Our results unify and substantially generalize existing results that compare Gaussian and

orthogonal matrices, and provide a platform towards designing optimal sensing systems.

I. INTRODUCTION
A. Problem statement and contributions

Consider the problem of estimating a signal & € R™ from the nonlinear measurements:

y = f(Az), (1)

where A € R™*™ is a sensing matrix and f : R — ) is a function accounting for possible nonlinear effect of
the measuring process. Here, the function f(-) is applied to Ax in a component-wise manner. The above model
arises in many applications of signal processing [|1]-[3]], communications [4]—[6], and machine learning [7]], [8]].

For instance, the phase retrieval problem, which is a special case of (I)) with f(z) = |z

, has received significant
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interest in recent years [1]l, [9]-[18]. In this paper, we assume that the signal is generic and prior information such
as sparsity is not explored.

This work is motivated by the problem of optimizing the sensing matrix for the nonlinear inverse problem.
Towards this goal, here we seek to understand the impact of the sensing matrix, or more specifically the spectrum
of the sensing matrix, on the difficulty of recovering the signal  from its measurements y. In many applications,
one has certain level of freedom in designing the sensing matrix (e.g., transmitter design in communications or the
masks used in phase retrieval application) and hence understanding the impact of the sensing matrix on the recovery
algorithms is the first step toward the optimal design of such systems. Rather than studying the information theoretic
limits, where the computational complexity of the recovery algorithm is ignored, we would like to study the impact
of the spectrum of the sensing matrix on efficient algorithms that are used in applications. For this reason, we
consider one of the most successful recovery algorithms that has received substantial attention in the last few years,
i.e. expectation propagation (EP) [19], [20] (referred to as GLM-EP in this papelﬂ), and study the impact of the
spectrum of the sensing matrix on the performance of this algorithm. The EP algorithm studied here is an instance
of the algorithm introduced in [21f], [22]] and is closely related to the orthogonal AMP (OAMP) [23| and vector
AMP (VAMP) [24] algorithms (in that all these algorithms use divergence-free denoising functions [23]]).

Similar to the approximate message passing (AMP) algorithm [25]], GLM-EP has two distinguishing features: (i)
Its asymptotic performance could be characterized exactly by a simple dynamical system (with very few states)
called the state evolution (SE). (ii) It is conjectured that AMP or GLM-EP achieve the optimal performance among
polynomial time algorithms [26], [27]. Based on the SE framework, we investigate the impact of the spectrum of
the sensing matrix A on the performance of GLM-EP. It turns out that the “spikiness” (or conversely “flatness”) of
the spectrum of the sensing matrix spectrum has a major impact on the performance of GLM-EP. To formalize
this statement, we first define a measure of “spikiness” of the spectrum based on Lorenz partial order [28]. We
show that whether the spikiness of the spectrum benefits or hurts GLM-EP depends on the choice of the nonlinear
mapping f (as well as the sampling ratio). For instance, spikier spectrums help the performance of phase retrieval
problem (where f(x) = |z|) but hurt the performance of 1-bit compressed sensing (where f(x) = sign(z)). We
will characterize the classes of functions on which spikiness hurts or helps GLM-EP based on the monotonicity
of a function (which is related to the scalar minimum mean square error) that will be defined in this paper. As a
byproduct of our studies, we will also show that when the spectrum is spiky enough, the number of measurements

required by GLM-EP to achieve perfect recovery approaches the information theoretical lower bound.

B. Related Work.

Message passing algorithms [3]], [19]-[25]], [29]-[42] have been used extensively for solving the estimation
problems similar to the one we have in (I). As a result of such studies, it is known that partial orthogonal matrix is
better than iid Gaussian matrix for noisy compressed sensing [37]], and the spectral methods for phase retrieval

perform better with iid Gaussian sensing matrices than coded diffraction pattern matrices [43[]-[46]]. However,

IThe name GLM-EP is chosen because the model (I) is an instance of generalized linear models (GLM).
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studying the impact of spectrum of the sensing matrix in the generality of our paper has not been done to the best
of our knowledge. Recently, [47] considered the phase retrieval problem and a sensing matrix which can be written
as the product of Gaussian and another matrix. They reached the conclusion that the weak recovery threshold with
this type of matrices can be made arbitrarily close to zero. As a special case of our results, we will also show that
if we make the spectrum of the sensing matrix spiky, GLM-EP can reach the information theoretic lower bounds in
the phase retrieval problem. [48] considered the phase retrieval problem with generative priors in the form of deep
neural networks with random weight matrices, and showed that it yields smaller statistical-to-algorithmic gap than
sparse priors.

Another venue of research that is also related to our work is the derivation of the information theoretic limits for
analog compression schemes. Analog compression framework was first introduced in [49], [50] for compressed
sensing. It was shown in [49], [50] that the minimum number of measurements required for successful signal
reconstruction in an information theoretic framework is related to the Rényi information dimension of the signal
distribution. [51]] studied the phase retrieval problem using the analog compression framework and proved that
(real-valued) phase retrieval has the same fundamental limit as that of compressed sensing. In order to compare the
performance of GLM-EP on matrices with different spectral, we generalize the work of [49], [50] and [51]] and
obtain information theoretic limit for our sensing model. Note that while we are using such information theoretic
tools, the problem we are studying in this paper is fundamentally different from the one studied in [49[]-[51]].
Here we are interested in the impact of the spectrum of the sensing matrix on the performance of GLM-EP, and

information theoretic limits are mainly derived for comparison purposes (and evaluating the optimality of GLM-EP).

C. Definitions

In this section, we mention some definitions that will be frequently used throughout this paper. We first start with

the Rényi information dimension of a random variable.

Definition 1 (Information dimension [49], [52]). Let X be a real-valued random variable, and (X)pr = |[M X | /M

be a quantization operator. Suppose the following limit exists

00 = i SR

)

where H (-) is the entropy of a discrete random variable. The limit d(X) is called the information dimension of X.

Further, if H(| X ]) < oo, then 0 < d(X) < 1.

As will be discussed later, d(X) plays a critical role in the information theoretic lower bounds we derive for the
recovery algorithms. The next lemma shows how d(X) can be calculated for the simple distributions we observe in

our applications.

2The notation | z| denotes the largest integer that is smaller than z.
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Lemma 1 (Information dimension of mixed distribution [49], [52]). Let X be a random variable such that H(| X |)

is finite. Suppose the distribution of X can be represented as
Py = (1— p)Ps+ pP,

where Py is a discrete measure and P, is an absolutely continuous measure with respect to Lebesgue, and 0 < p < 1.
Then,
d(X) = p.

The minimum mean squared error (MMSE) defined below is an important notion in our analysis of GLM-EP.

Definition 2 (MMSE for AWGN channel [53])). Let (Z,U) be a pair of random variables. The MMSE mmse(Z, snr)
and the conditional MMSE mmse(Z, snr|U) given U are defined as
wdeﬁm%:ERZ—Ewh@mZ+NDﬂ,

(2)
mqummnzmhz—mmﬁﬁZ+MUwy

where N ~ N(0,1) is independent of (Z,U), and the outer expectations are taken over all random variables

involved.

More properties of the MMSE function and the MMSE dimension are detailed in Appendix [A]

II. INFORMATION-THEORETIC LIMIT FOR SIGNAL RECOVERY

As we discussed earlier, our main objective is to evaluate the impact of the spectrum of the sensing matrix on the
performance of GLM-EP. However, it is still useful to compare what GLM-EP achieves (for different spectral) with

the information theoretic lower bounds, which we derive in this section.

A. Assumptions

Before we proceed to the technical part of the paper, let us review the assumptions we make throughout this
paper.

(A.1) The elements of x are independently drawn from Px, which is an absolutely continuous distribution with
respect to the Lebesgue measure. Further, E[X?] = 1.

(A.2) Letthe SVDof A € R™*" (m >n)be A =UXVT, where U € R™*™ and V' € R"*" are independent Haar
matrices, which are further independent of 3. Let {0, }"_; be the diagonal entries of X and A; = o?. We assume
that the empirical distribution of {A;}?_; converges almost surely to a deterministic limit Py with a compact
support bounded away from zero, as m, n — oo with m/n — § € (1, 00). Further, 2 37 | A? 2% E[A?] < oo,
where A ~ P,. Without loss of generality, we assume E[A] = §.

(A3) f: R~ Y is a piecewise smooth function. Specifically, the domain R can be decomposed into K € N
non-overlapping intervals, and f is continuously differentiable and monotonic on each sub-interval. Furthermore,

we assume |f~1(y)| < oo for all y and H(|f(Z)]) < co where Z ~ N(0,1).
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Note that Assumption (A.2) is a standard assumption in theoretical analysis of GLM-EP [24], [35], [39].
Furthermore, all the nonlinearities that we observe in applications satisfy Assumption (A.3). We consider generic
signal and do not impose any structural assumption (e.g., sparsity). Finally, the independence assumption we have
made in the prior of x is again standard in the literature of approximate message passing and expectation propagation
(31, 121[, [29], [54], [55]. One may relax this assumption and consider correlated signals at the expense of making

more assumptions about the recovery algorithm.

B. Perfect reconstruction in a noiseless setting

In this section, we derive the information theoretic lower bound on the number of measurements required by a
Lipschitz recovery scheme to achieve vanishing error probability. Note that the computational complexity of the
recovery algorithm is not of any concern in these lower bounds. We will later compare our results for GLM-EP

with these information theoretic lower bounds.

Theorem 1 (Perfect reconstruction under Lipschitz decoding). Suppose Assumptions (A.1)-(A.3) hold. Suppose
that there exists a limiting eigenvalue distribution Py and a Lipschitz continuous decoder g : Y™ — R™ such that
P{x # g(f(Az))} — 0 as m,n — oo and m/n — § € (1,00), then necessarily we have

1
6> —— 3
=% 3)

where d(Y') is the information dimension of Y := f(Z), Z ~ N(0,1). Here, the error probability is taken with

respect to both x and A.

The proof of this result can be found in Appendix [Bl The Lipschitz regularity condition on the decoder is natural
for robustness considerations. It is interesting future work to study whether the converse result still holds with the
Lipschitz condition removed or relaxed.

Intuitively speaking, d(Y') € [0, 1] may be interpreted as a measurement discount factor and the total number of

effective measurements is m - d(Y .

Remark 1 (1-bit CS). For the I1-bit compressed sensing (CS) problem, we have f(z) = sign(z) and d(Y) = 0. In
this case, the condition 6 > 1/d(Y') = +oco implies that perfect recovery is impossible in the regime m,n — oo
and m/n — 6 € (1,00). Notice that our result does not contradict with existing 1-bit CS results [|8)], [56]]. For
instance, [56|] analyzes the number of random measurements required by a convex minimization algorithm to achieve

a non-zero target distortion p, and the bound blows up to infinity as p — 0.

C. Stable reconstruction in the noisy setting

Theorem [I] focuses on signal reconstruction for model () without any noise. For practical considerations, it is

desirable to make sure that a small amount of measurement noise does not cause major performance degradation. In

3In the rest of this paper, we will use Y to denote the random variable f(Z), where Z ~ N(0, 1).
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this paper, we consider the following noisy modeﬁ
y = f(Az + w), “4)

where w ~ N(0,02 1) is independent of A and x. Define the noise sensitivity [50], [57] of the minimum mean
square error (MMSE) estimator by
1
<mmse(x|y, A
M*(X, f,A,9) 2 sup limsupw

up lim su 2 ; ®)
where mmse(xz|y, A) = E[ (x — E[z|y, A])2] is the MMSE of estimating « from y. In the above definition, the
limit n — oo is understood as n — oo and m/n — §. Theorem [2| below shows that to achieve bounded noise
sensitivity, one needs § > 1/d(Y), the same necessary condition for achieving vanishing error probability in the

noiseless setting. Its proof can be found in Appendix [C|

Theorem 2 (Noise sensitivity). Suppose Assumptions (A.1)-(A.3) hold. Additionally, assume = ~ N(0,I). A

necessary condition for achieving bounded noise sensitivity, namely M*(X, f,A,0) < oo, is 6 > 1/d(Y).

Note that the same fundamental limit 1/d(Y") appears for both noiseless recovery (Theorem and noise sensitivity
(Theorem [2)) converse results. The situation is similar to the pioneering work [49]] which established the information
theoretical limits for compressed sensing.

We would also like to mention that the asymptotic MMSE (and so the noise sensitivity) may be calculated using
the replica method [58]]. However, since the correctness of the replica predictions has not been proved for the current

setting, we do not pursue it in this paper and leave it as possible future work.

D. Discussion of Theorems [I| and

Theorems (1| and [2| show that the quantity d(Y") determines the fundamental limit for signal recovery from the
nonlinear model (I). Notice that Y := f(Z) is a mixed discrete-continuous distribution (by Assumption (A.3)),
where the discrete component in Y~ corresponds to “flat” sections of f; see Figure [I] for illustration. According to
Lemma (1} d(Y) is simply the weight in the continuous component of the distribution of Y, which is the probability
of Z ~ N(0,1) falling into the non-flat sections of f. For illustration, Figure [I| shows three representative examples
of f.

Type I: f is a piece-wise smooth function without flat sections; see the left panel of Figure 1| for illustration.

This type of functions includes the absolute value function f = |z

, which appears in phase retrieval problems. For
such functions, f(Z) has an absolutely continuous distribution when Z ~ A/(0,1), and hence d(Y') = 1 according
to Lemma [1l

Type II: f consists of purely flat sections. A special case is the quantization function. Clearly, Y has a discrete

distribution and d(Y) = 0.

4Other types of noisy models are possible, e.g., y = f(Ax) + w. For such noisy models, we expect that the fundamental noise sensitivity
result in Theorem [2] still holds, but the noise sensitivity result of GLM-EP in Theorem [/| may require new analysis. Extending our results to

these models is beyond the aim of the current paper.
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Type III: f consists of both flat and non-flat sections, e.g., the function shown on the right panel of Figure
Such scenarios happen, for instance, when sensors saturate in the phase retrieval application. In this case, Y has a

mixed discrete-continuous distribution and 0 < d(Y") < 1.

4 f(2) f(z)

Fig. 1: Three types of f. Left: d(Y") = 1. Center: d(Y") = 0. Right: 0 < d(Y) < 1.

III. GLM-EP ALGORITHM AND PERFORMANCE ANALYSIS

In this section, we introduce an expectation propagation (EP) [19], [20] type algorithm, referred to as GLM-EP,
for solving our nonlinear inverse problem and derive its state evolution (SE). We then study the impact of the

spectrum of the sensing matrix on the performance of this algorithm.

A. Summary of GLM-EP

The GLM-EP algorithm is summarized below. We use superscripts to represent iteration indices, and subscripts ‘I’

and ‘r’ to distinguish different variables.

Initialization: z-! = 0, v, = 1. For t = 0, .. ., execute the following steps iteratively:
1
t t—1 t—1 / t—1 t—1 t—1
z = . z, ,Y,0 — z, ,Y,0 - , 6a
1 1_ <77,z(z£_1, y,U£_1)> (772( r Y, v, ) <nz( r Y, v, )> T ) ( )

t t—1 <77/Z(zi_1,y,v£_1)>

v =0 - i (6b)
T 1= Ly )
RI2ZAMWI+ATA) AT, (6¢)
1 1
et (pt_ L AT
= T (R —TH(R) I) 2, (6d)
LTr(RY)
t_ .t _m 6
Uy U 1—%”Tr(Rt)’ ( e)
where 7, is defined by I N
1y U N (w2, v)du
ez, y,v) & L (60)

Jr-1y N (w5 2, v)du
and n, denotes the derivative of 1, with respect to the first argument. Here, N (z; m, v) := ﬁ exp(—(z—m)?/(2v))
denotes the Gaussian pdf function. When f~1(y) := {z : f(z) = y} is a discrete set, the integration in the above

formula is simply replaced by a summation.
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Output: 2! = vf(I +v!ATA)"TAT2!.

In the above descriptions of the algorithm, we adopted the convention commonly used in the AMP literature:
1:(zr,y, v) denotes a vector with elements obtained by applying the scalar function 7). to the corresponding elements

of z, and y, and (-) denotes the empirical mean of a vector.

B. Asymptotic analysis

The asymptotic performance of GLM-EP could be described by two scalar sequences {V}*,V,!};>¢, defined

recursively by

-1
1 1 _
Vlt - (mmse ( t—1) - t—1> = ¢(Vrt 1)? (7a)
-1
¢ 1 1 a ;
V. = TR VA] W =o(V)), (7b)
FE[gEs]

where Vﬁfl‘tzo = 1, mmse,(V;) = mmse (Z,v,7' —1]Y), and the expectation in is w.r.t. the limiting
eigenvalue distribution of AT A. (Recall that mmse(Z,snr|U) denotes a conditional MMSE; see (2))). Equations
and are known as the state evolution (SE) for GLM-EP. More properties of the functions ¢(-) and ®(-)

are given in Appendix [A]

Roughly speaking, the deterministic sequences {V}*, V,'},> are expected to be accurate predictions of {v}, v’};>0

(which are generated by GLM-EP) asymptotically. We will formalize this claim later. Further, we will show that the

t
out

per coordinate MSE of x; . (see Lemma [2| below) is characterized by

Vt
MSEA (V) = IE{ L ] . (7¢)
: Vi+A

The subscript emphasizes the fact that the MSE depends on the limiting eigenvalue distribution Ph.

Lemma 2] below gives a formal statement of the accuracy of SE, and its proof is mainly based on that of
[41, Theorem 1]. Note that [41]] requires both the continuity of f and 7,. Similar to the analysis of the AMP
for rotationally-invariant matrix in [35]], [59] we expect the state evolution to hold if the composite function
7(zr, 2,0) := 1, (2r, f(2),v) is Lipschitz-continuous with respect to the first two arguments except for sets of zero
measure. Such a result would be general enough to cover many interesting applications, e.g., GLM-EP for 1-bit CS.
However, a complete proof requires careful analysis and we leave it as possible future work.

In this work, we employ a simple smoothing technique to get rid of the Lipschitz-continuity requirement on 7.
(Note that we still require the acquisition function f to be Lipschitz-continuous.) Specifically, we construct a new
algorithm, called GLM-EP-app hereafter, which satisfies the requirements of [41[]. This allows us to use SE for

predicting the performance of this algorithm. GLM-EP-app uses the following iterations:

= (1 ) B ), s
1 1
R £ AT AT
o= Iy (B TR T) A o
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where 7 is a function for which E [ (Z:71, Y, V;!=1)] exists, Rt = A (V'T + AT A) ~' AT, and {C,} is a sequence
of fixed numbers. The choices we choose for 7 and C; (to make them close enough to GLM-EP) is discussed in the

proof of Lemma [2] Finally, similar to GLM-EP the output of GLM-EP-app is given by
&l = VI (I +V/ATA) AT},

Lemma [2] shows that the performance of GLM-EP-app could be arbitrarily close to the SE prediction. The details
of the proof can be found in Appendix

Lemma 2. Suppose Assumptions (A.1)-(A.3) hold. Additionally, assume f : R — Y to be Lipschitz continuous.
Let {V}',V'}1>0 be generated according to ({I). For any € > 0, there exists 7, and {Ci};>o such that &%, of
GLM-EP-app satisfies

out

1
MSEA(V)') — € < — ||&hy — 2||* < MSEA(V}') + e, ©)
m
almost surely as m,n — oo with m/n — ¢ € (1,00), where MSE is defined in ({7c).
Note that we still require the acquisition function f to be Lipschitz-continuous. Hence, Lemma [2| does not apply
to 1-bit CS. Nevertheless, we expect the state evolution of GLM-EP holds for 1-bit CS as well.
According to Lemma [2] the asymptotic MSE of GLM-EP-app in the large system limit as ¢ — oo can be obtained

from the limiting value of V;! (or V}!). Since this quantity is of particular importance to us, we will characterize it

in the following lemma.

Lemma 3 (MSE performance). Suppose § > 1. Define V,* by

V2 inf {v € (0,1 : P(v,) > 0,Yo, € [o, 1]}. (10)
where
N o(vy) mmse, (v,.)
Pon e[l ] - s (1)) b
g(vr)

In case P(1) = 0, we define V¥ = 1. Let {V|', V! }1>0 be sequences generated according to (T) with V;'™*|,_ = 1.
We have

lim V! = V>
t—o0
Further, the final MSE is given by MSEX = MSE (6(V;*)), where ¢ is defined in (Ta).

The proof of this lemma can be found in Appendix [E-Al A direct consequence of Lemma [3] is the perfect

reconstruction condition stated in Lemma [4] below.

Lemma 4 (Perfect reconstruction condition). Let {V', V,'};>0 be a sequence generated through () with V=1 ] o =
1, and let MSE}, be the final MSE. Then, the following hold.

(i) MSE} = 0 if and only if

P(v,) >0, Vo, € (0,1], (12)
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where P(v,.) is defined in (T).
(i) If there exists a spectrum Py such that MSE\ = 0, then § > 1/d(Y). Conversely, if § > 1/d(Y) and

mmse, (1) < 1, then there exists a spectrum Py such that MSE} = 0.

The proofs of Lemma [] can be found in Appendix It should be noted that to approach the lower bound
using GLM-EP, the function f has to satisfy the requirement mmse.(1) < 1. This is a regularity condition that
makes sure the SE equation does not have a undesirable fixed point at V,. = 1. Notably, this condition does not
hold when f is an even function (e.g., f(z) = |z|). For such functions, the achievability result is still valid if there

is a small amount of side information about the signal. Alternatively, one might consider using the spectral method

to initialize the GLM-EP algorithm [[17]], [61]], [62].

IV. IMPACT OF SENSING MATRIX SPECTRUM
In this section, we use Lemmas |3| and |4 to study the impact of the sensing matrix on the MSE performance of

GLM-EP-app. Before presenting our detailed analysis, we first discuss the so-called Lorenz order that compares the

“spikiness” of different distributions.

A. A measure of spikiness of distributions

A natural tool to compare the spikiness of the distributions of two non-negative random variables is Lorenz partial
order [28]]. (Since it is a partial order, there exist distributions that are not comparable in the Lorenz sense.) Lorenz
order is widely used to characterize wealth inequality, and is closely related to majorization, a tool that has been

extensively studied for transceiver design in communication systems [60].

Definition 3 (Lorenz partial order [28]]). Consider a nonnegative random variable with cumulative density function

F(z). Let F~1(y) be the quantile function defined by
F~(y)=sup{z: F(z) <y}, 0<y<l. (13)

The Lorenz curve corresponding to F(x) is defined by

fou Ft (y)dy
1 )

Jo F=1(y)dy

Let X and Y be two nonnegative random variables, and Lx (u) and Ly (u) be the corresponding Lorenz curves.

L(u) =

<u<l.

We say X is less spiky than Y in the Lorenz sense, denoted as X <1 Y, if Lx(u) > Ly (u) for every u € [0, 1].
Conversely, X =1 Y if Lx(u) < Ly (u) for every u € [0, 1].

The use of Lorenz order to measure spikeness of distribution is very natural. In the context of income inequality,
Lorenz curve has the following interpretation — the poorest 100 x u percentage of the population contribute to
100 x Lx (u) percentage of the total wealth. Therefore, a larger Lx (u) represents a more equal (or less spiky) income
distribution. Fig. [2] demonstrates the Lorenz curves for the uniform distribution (corresponding to the spectrum of
a column-orthonormal matrix) and the Marchenko-Pastur distribution (corresponding to the spectrum of an i.i.d.

Gaussian matrix).
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Fig. 2: Lorenz curves corresponding to the eigenvalue distributions of an i.i.d. Gaussian matrix and a partial

orthogonal matrix. § = 2.

An important property of Lorenz partial ordering is the following.

Lemma 5 ( [28]). Suppose X > 0,Y > 0 and E[X] = E[Y]. We have X <1 Y if and only if E[h(X)] < E[h(Y)]

for every continuous convex function h : Ry — R.

B. Impact on MSE

Let Ay ~ Py, and Ay ~ P, be two limiting eigenvalue distributions of ATA. Let V{ and V; denote the
corresponding limiting values of V! (as ¢ — 0o) in (7) (proving that the iterations (7) converge to a fixed point is
straightforward). The associated MSEs, denoted as MSE} ~and MSE},, can be compared according to the following

lemma. See Appendix [H for its proof.

Lemma 6. Let 6 > 1. Suppose Py, is more spiky than Py, in the Lorenz sense, i.e., A1 =1 As. Define
G(vr;6) 2 max (g(v,), 0), Vo, €0, 1], (14)

where ¢(-) is defined in (I1). We have

o If G(vy;0) is non-decreasing on v, € [0,1], then MSE} < MSE} ;

o If G(v,;9) is non-increasing on v, € [0,1], then MSE} > MSE}_;
(

vy;0) is not monotonic, then the comparison of MSE} —and MSE}, is not definite.

Remark 2. Notice that the function G(v,.;8) depends on the sampling ratio §, as can be seen from the definitions
in (T4) and (T0). (To keep notation light, we do not make such dependency explicit for g(v,) and P(v,) though.)

Hence, for a given f, the monotonicity of G(v,;0) could change as 0 varies.

Lemma [6] shows that the impact of the spectrum on the final MSE performance of GLM-EP-app depends on the

monotonicity of the function G(v,;d) (which further depends on f). For a given f and ¢, the function G(v,;d) can
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Fig. 3: Ilustration of G(v,;d) for four choices of f. From left to right: f(z) = |z, f(z) = max(—1, min(z, 1)),
f(z) =sign(2), f(2) = |z[121<1 + (2] = D11 6 = 11

be numerically computed and its monotonicity can be easily checked. Below are four examples of f, corresponding
to each of the cases discussed in Lemma [} see Fig. [3]

Example 1: It can be shown that that G(v,;J) of the following f is non-decreasing for all § > 1:

f(z) = |-

For such f, spiky spectrums are beneficial for MSE performance.

Example 2: The G(v,;J) of the following function is non-increasing for all § > 1:

£(2) = sign(2).

For this example, flatter spectrums are better.

Example 3: The G(v,; ) of the following function is non-increasing for all § > 1:
f(2) = max(—1, min(z, 1)).

For this example, flatter spectrums are better.

Example 4: Consider the following function

|z, if 2] <1
f(z) = (15)
lz| =1, if |z] > 1.

In this case, G(v,;d) is not monotonic and the impact of the spectrum is not solely determined by the Lorenz order.

C. Impact of spectrum on perfect recovery threshold

We have shown that the impact of the spikiness of the spectrum on the MSE performance is related to the
monotonicity of the function G(v,;d) which depends on the nonlinear function f and the sampling ratio §. In this

section, we will show that if our goal is to minimize the number of measurements required for perfect reconstruction,

p

then more spiky spectrum benefit GLM-EP-app for all f. Furthermore, the information theoretic lower bound d;,,¢
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can be reached (as close as we wish) if the spectrum of A is spiky enough. Theorem [3] whose proof can be found

in Appendix [G] summarizes the above discussions.

Theorem 3. For a given nonlinearity f and eigenvalue distribution Py, let 5f\|g be the minimum 0 required for
perfectly recovering the signal, i.e.,

538 2 inf {§ : MSE} = 0}, (16)

where MSE} is defined in Lemma Let A1 and As denote two limiting eigenvalue distributions and 6;‘? and (52‘5

the corresponding thresholds for perfect reconstruction. We have 5;'? < 5;'5 if A1 =1 As.

D. Noise Sensitivity Analysis

Up to now, we only studied the performance of GLM-EP-app in the noiseless setting. In practice, it is also
important to guarantee that the reconstruction performance does not significantly worsen due to the presence of a
small amount of measurement noise. We consider the noisy model in (@). GLM-EP-app remains unchanged except
that 7, is replaced by a posterior mean estimator that takes the noise effect into consideration.

The following lemma analyzes the MSE performance of GLM-EP-app in the high SNR regime, and shows that
its reconstruction is stable when § is larger than the corresponding perfect recovery threshold. The proof of Lemma

[7] and other details about GLM-EP-app in the noisy setting are provided in Section [H]

Lemma 7. Assume d(Y # 0. Let § > (5?\“%, where 6f\lg is defined in Theorem Let MSE} (02) = lim;_, o, MSEA (V})
be the MSE in the noisy setting. As o2, — 0, we have
MSE} (7,) = C(6, HE [A] o7, - (1 +0(1)),
where 0 < C(9, f) < 0o is a constant depending only on § and f.
This lemma confirms that as long as § > 6f\'g, GLM-EP-app can offer stable recovery. However, the minimum
mean square error in this case depends on another feature of the spectrum, namely E [A‘l]. The optimal sensing

mechanism should be designed by considering both features based on the expected noise level in the system.

V. SIMULATION RESULTS

We next provide some simulation results for the GLM-EP algorithm for a few instances of f. Note that all our
simulations are carried out using the original GLM-EP algorithm. Our results will show that the state evolution

predictions are very accurate even without the smoothing introduced in Lemma [2]

A. Sensing Matrix Model

Let A=UXV. In our experiments, we approximate the random orthogonal matrix U in the following way:
U= PUPU]P;

where Pj, P,, Ps are three diagonal matrices with entries independently chosen from +1 with equal probability,

and U, is a discrete cosine transform (DCT) matrix. Note that all matrices are square. The hope is that by injecting
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enough randomness in these matrices, we can make them look like Haar orthogonal matrices for GLM-EP. In
addition, such constructions allow fast implementation of GLM-EP using the DCT.

Following [63]], we consider a geometric distribution for the limiting empirical distribution of diag(ZTX):

Lt A(B)e B aA
Priang) = | PV if X e (aA(B)e ", aA(B)], an
0,

otherwise,

where a > 0 is the mean, 5 > 0 controls the spikeness of the distribution (with 8 = 0 corresponding to a flat
spectrum), and A(8) = %. In all of our numerical experiments, the empirical eigenvalues are independently

sampled from this distribution.

B. Accuracy of state evolution

1 T T

T T
4 A SE
—J— simulation ||

A SE

—F— simulation || 091

0.4

0.3

0.2

i 0.1

9 10 2 4 6 8 10 12 14
iteration iteration

Fig. 4: MSE performance of GLM-EP in the noiseless setting. Left: f(z) = |z|. Right: f(z) defined in (I3).
n=2x10°. m = [1.01 - n]. B = 20. 1000 independent runs. The markers labeled ‘SE’ are predictions obtained

from state evolution.

Figure {4 demonstrates the mean-square error (MSE) performances of GLM-EP for f(z) = |z| and the function
defined in (]E]) Clearly, d(Y) = 1 for both functions. As Theorem [3, shows, the GLM-EP algorithm could achieve
perfect reconstruction as soon as > 1 with a very spiky sensing matrix. Here, we considered the geometric
eigenvalue setup with 8 = 20. From Fig. ] we see that GLM-EP recovers the signal accurately when ¢ is only
slightly larger than the lower bound (6 = 1.01). Note that both f considered in Fig. ] are even functions, and
for such functions the state evolution has a fixed point at (V,.,V}) = (1, 00) (see Lemma , commonly referred
to as the uninformative fixed point. This implies that the GLM-EP algorithm does not work for these f if z, !
is uncorrelated with the signal. In our experiments, to get rid of the uninformative fixed point issue, we set

271 = (1+V) (2 ++Vn) where n is standard Gaussian and V is a large constant (here we set V = 20).
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C. Performance for medium-sized systems

15

Fig. [5] shows the performance of GLM-EP for medium-sized sensing matrices (n = 5000). Other settings are the

same as Fig. @ In this case, we can observe a mismatch between the performance of GLM-EP and its theoretical

predictions. Nevertheless, GLM-EP still achieve very good reconstruction result considering the fact that § ~ 1.01 is

very close to the information theoretical lower bound.

A SE
—F— simulation

T T 1
A SE
—F— simulation |
0.8
i 06
7]
] 041
=
0.2
| ol
A A -0.2 :
8 9 10 0 5

iteration

iteration

10

15

Fig. 5: MSE performance of GLM-EP for medium-size systems. Left: f(z) = |z|. Right: f(z) defined in (T3).

n = 5000. MSE are averaged over 1000 independent runs. Other settings are the same as those of Fig. E}

D. 1-bit CS performance

For the 1-bit compressed sensing (CS) problem, it is impossible to recover the signal accurately (namely, achieve

zero MSE) at finite 4. Tab. [I| lists the MSE of GLM-EP for 1-bit CS under different values of § and 5. As expected,

its performance improves as 9 increases. Also, for each §, the MSE performances worsen as [ increases, which is

consistent with our theoretical result about the impact of the spikeness.

é 1.5 2 2.5 3 3.5 4 4.5 5
B=0 | 02771 02091 0.1622 0.1286 0.1042 0.0846 0.0714  0.0607
B=5 | 04545 0.3886 03376 0.2953 0.2617 0.2327 0.2075 0.1864
B =10 | 0.6275 0.5857 0.5528 0.5240 0.5016 0.4802 0.4599  0.4439

TABLE I: MSE of GLM-EP for the 1-bit CS problem. n = 10°. The MSE is averaged over 100 independent runs.

The number of iterations is 20.
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E. Noisy measurements

Lemma (7| analyzes the stability of the GLM-EP reconstruction for the noisy model y = f(Ax + w). Tab.
shows that the performance of GLM-EP for noisy phase retrieval. Here, the signal-to-noise ratio (SNR) is defined by

o Efj Az|p?
SNR = Elll?]

Results in Tab. [l suggests that the performance of GLM-EP degrades gracefully as the noise variance increases.

SNR 30dB 35dB 40dB 45dB 50dB

MSE | 1.28e-01  592e-02 2.18e-02 6.94e-03  2.14e-03

TABLE II: MSE of GLM-EP for noisy phase retrieval. § = 1.1. n = 10°. 3 = 10. The MSE is averaged over 100

independent runs. The number of iterations is 10.

FE. Phase transition

To test the impact of the sensing spectrum on the performance of GLM-EP, we carry out phase transition study
in Fig. |§| under various values of 5. We consider two instances of f, the absolute value function and that defined
in (T5). We see that for both functions, the empirical perfect recovery threshold of ¢ improves as (3 increases

(corresponding to spikier spectrum), which is consistent with the claim of Theorem [3]

. . 1 , . . . . ,

.
A SE A SE
A —J— simulation | 09 —F— simulation |

07 B=05

0.8

0.6 [

MSE
o
o

i)
Il
o

04
031

0.2

r ﬁ=6
0.1

1.1 1.2 13 14 1.5 1.6 1.7
0

Fig. 6: Phase transition of GLM-EP under various sensing matrix spectral. Left: f(z) = |z|. Right: f(z) defined in

(T3). n = 2 x 10°. Error bars are calculated based on 100 independent runs.

VI. CONCLUSION AND FUTURE WORK

We studied the impact of the spectrum of the sensing matrix on the performance of the expectation propagation

(EP) algorithm in recovering signals from the nonlinear model y = f(Ax). We defined a notion of spikiness of the
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distributions and showed that depending on f(-), the spikiness of the distribution can help or hurt the performance
of EP. We also showed that spiky sensing matrices can always reduce the number of observations required for the
exact recovery of x from y.

The results in this paper can serve as the first step towards the optimal design of sensing matrices. However, there
are several directions that require further investigation before one can apply our results to real-world applications:
(1) Since the structure of the signal is often used in recovery algorithms, the role of the structure should be studied
more carefully when we deal with spiky sensing matrices. (ii)) While we discussed the high-signal-to-noise ratio
regime in the paper, some applications have low signal-to-noise ratios. The impact of the spectrum of the sensing

matrix in such cases requires more careful considerations.

APPENDIX A

AUXILIARY RESULTS ABOUT MMSE DIMENSION AND THE STATE EVOLUTION MAPS

In this section, after introducing the conditional MMSE dimension 2(Z|Y’), we present a few properties of

mmse, () and the SE maps ¢(-), ®(-).

A. MMSE Dimension and information dimension

The MMSE dimension 2(Z) defined below characterizes the high SNR behavior of the MMSE mmse(Z, snr).
Similarly, 2(Z|U) characterizes the high SNR behavior of mmse(Z, snr|U).

Definition 4 (MMSE dimension [70]). The following limits, if exist, is called the MMSE dimension (resp. conditional
MMSE dimension):
2(Z) = lim snr-mmse(Z,snr),

snr— o0 (18)
2(Z|U) = lim snr-mmse(Z,snr|U).

snr— o0

The following lemma establishes the connection between the conditional MMSE dimension Z(Z|Y’) and the

information dimension d(Y") (see Section [[-C).

Lemma 8. Suppose Assumption (A.3) holds. Let Z ~ N(0,1) and Y = f(Z). We have
dY)=1-2(Z]Y).

Proof. The conditional MMSE dimension can be calculated as follows:

2(Z)Y) = lim snr-mmse(Z,snr|Y)

snr—o0

— lim_snr-E [(Z — E[Z|VsnrZ + N,Y)’]
snr oo (19)
% lim snr-E[(Z—]E[th/sany—kN])Q}

snr—o0

A .
= snlrlgloo snr- Ey [mmse(Z,, snr)]
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where Z, ~ Pzjzcs-1(,) and N is independent of Z. Note that mmse(Z,,snr) < snr—! [53E| and so snr -

mmse(Z,,snr) < 1. Hence, by Lebesgue’s dominated convergence theorem we have

P2(Z|Y)=Ey | lim snr- mmse(Zy,snr)]
snr—

> (20)
=Ey [2(Z,)],
provided that limgy,— oo SNT - mmse(Zy7 snr) exists almost surely. From [[70, Theorem 10 and Theorem 11],
0 if Pzy—, is discrete
@(Zy) =
1 if Pyy—, is absolutely continuous w.r.t. Lebesgue measure
This implies that
0 ifyeR\Qy
9(Zy) =
1 if Y € Qf.
Hence,
2(Z|Y) =P{f(Z) € Qs} =1 —d(Y),
where the second identity follows from Lemma [T} O
B. A property of mmse,(v,.)
Note that 7, (2,,y,v) in GLM-EP (see (6I)) is an MMSE estimator:
Jr-10y v N(u; 20, v)du
(2, 9,0) = B[Z|Y =y, Z, = 2] = L : 1)
nz(zr,y,0) = E[Z]Y =y ] Ty N (s 2, o)
where (Z, Z,) ~ N(0,X) where
1 1—v,
= , (22)
1—v, 1—v,
and Y = f(Z). Recall that mmse,(v,.) is defined as
2
mmse. (v,) = E(Z —E[Z|Z,, Y]) , (23)

Lemma |§| below is a consequence of the covariance structure of (Z, Z,.) defined in 22).
Lemma 9. Let mmse,(v,) be the MMSE defined in 23). Let Z ~ N(0,1), Y = f(Z) and v, € (0,1]. We have
mmse. (v,) = mmse(Z, v, ' — 1[Y),
where the right hand side is a conditional MMSE defined in (2).

5This is true even when the moments of Z,, do not exist. To see this, consider Y = /sn rZu + N and the linear estimator Y /+/snr. The

MSE of this linear estimator is snr—! and hence mmse(Z,,,snr) < snr—1.
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C. Properties of the SE maps

In this appendix, we discuss a few properties of the maps ¢ and ® in (7):

1 ! - 24
o(vr) mmse. () oy . (24a)
—1
1 1
S(v)=| ——— — — , (24b)
% -E {vil)l—&-AA] vl

where the expectation in ¢ is over A, which is distributed according to the asymptotic eigenvalue distribution of
AT A, and

mmse. (v,) = mmse (Z,v; ' —1|f(2)) .
The following lemmas collect some useful properties of the MMSE [71], and the maps ¢, P.

Lemma 10 (Properties of mmse(Z, snr|U)). The following hold:
(i) Assume Z ~ N(0,1). Then, mmse(Z, snr|U) < ﬁ, Vsnr > 0. Further, the inequality is strict if U is not
independent of Z.
(i) 5

dsnr

mmse(Z,snr|U) = —E (var?[Z|/snrZ + N,U]), where var[Z|\/snrZ + N, U] = E[Z%|\/sntZ+N,U]—
E2[Z|\/sntZ + N, U], and N ~ N(0,1) is independent of (Z,U).

Lemma 11 (Properties of ¢ and ®). The functions ¢ and © defined in 24) have the following properties:

(i) ¢(vy) is continuous and non-decreasing in v, € (0,1). If f(2) is not an invertible function, ¢(v,) is strictly
increasing. Suppose that f(Z) is not independent of Z ~ N(0,1). Then, 0 < ¢(v,) < oo and ¢(0) = 0 if
d(f(2)) # 0, and ¢(1) < oo if E[Z|f(Z)] # 0;

(i) ®(v;) is continuous and strictly increasing in v; € (0,00). Further, ®(0) = 0 and ®(c0) = 1.

Proof. Proof of (i): The continuity of ¢(v,.) is due to the continuity of the function mmse, (v,.) = mmse(Z,snr|Y),
where snr = v;l — 1 [71].

We next prove that ¢ is strictly increasing. Differentiation yields (see (24))

& () vZ - mmse’(v,.) — mmse?(v,.)

= . 25
(v, — mmse, (v,))* (250

Hence, we only need to prove

mmse’,(v,) > — - mmseZ(v,), Vo, € (0,1].
v

(26a)
Recall the definition
mmse. (v,) = mmse(Z,snr|Y), snr=ov ! -1,
and the derivative formula of the conditional MMSE in Lemma [10] we have
mmse’ (v,.) = 1712 -E (var’[Z|\/snrZ + N,Y]), Vv, € (0,1]. (27
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Further,

mmse; (v,) = mmse(Z,snr|Y) = E (var[Z|\/snrZ + N,Y]) (28)

Combining and (28), and applying Jensen’s inequality proves mmse/, (v,) > % -mmse?(v,.), and equality holds
only when var[Z|\/snrZ 4+ N, Y] is constant with respect to realizations of \/snrZ + N and Y. This is only possible
when Z, ~ Pyy—_, is Gaussian with var[Z,] invariant to y (including the degenerate case where var[Z,] = 0).
Again, this is only possible when f(z) is an invertible function for which Z,, is a constant and var[Z,] = 0). To

summarize, when f(z) is not an invertible function, holds and so ¢ is a strictly increasing function.

Finally, we verify ¢(0) and ¢(1). First, for any v, € (0,1), we have

mmse, (v,) = mmse(Z,snr|Y) (snr=uv ' —1)

(a)
< mmse(Z, snr)

B 1
" 1+snr

(29)

= ’UT
where step (a) is from the fact that conditioning reduces MMSE [71} Proposition 11]. Further, the inequality is strict
for v, # 1 (snr > 0) whenever f(Z) is not independent of Z. It follows that

o(v.) = (1 - 1) - €[0,00), Vu,.€(0,1).

mmse, (v,) v,
Further, ¢(v,.) is continuously increasing in (0,1) and so the limit lim,, o, ¢(v,) exists (which is defined to be
¢(0)). Hence, ¢(0) > 0.
Lemma [8] shows d(Y) = 1 — Z(Z|Y). Hence, if d(Y) # 0, we would have

P(Z|Y)= lim snr-mmse(Z,snr]Y) < 1.

snr—o0

Then,
$(0) = lim o(vr)

_ iy _mmses (vr)

v—0 1 — mmse. (V)
Ve

) y mmse(Z, snr|Y")
= lim
snr—oo 1 — (snr 4+ 1)mmse(Z, snr|Y)

(snr =o' —1)

=0
where step (a) follows from the definition of mmse, below (7), and the fact that limgn,— 0o mmse(Z,snr|Y) =0
and limgn,— o0 snr - mmse(Z,snr|Y) = 2(Z|Y) < 1.
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Finally,

E(arZIV]) 1) G

(
:(mmmua;rmy>‘1)d

(

<

Emﬂm—wwmf4>

_ 1 _ o 2] _
(s ) @210
where E[Z?] = 1 since Z ~ N(0,1). Hence, ¢(1) > 0 and ¢(1) < oo if E[Z|Y] # 0.

Proof of (ii): Similar to the proof of part (i), to prove ®(v;) is increasing, we only need to verify

2 2
v A 1 A
-E 1]. 1
(uz+A> ~ (5 L;IJFAD , Vor € (0.1 31
When § > 1, Jensen’s inequality yields the result:
2 2 2
u A 1 uA 1 uA
e “E - € (0,1].
<vl+/\> >5< [UH-A]) ><5 LHFAD Vo€ (0,1]

For § < 1, note that Py = (1 — §)Py + 6 P; where P; denotes the asymptotic eigenvalue distribution of AAT (we
have E[A?] = 1). Hence, (3T) can be reformulated as

- 2
E ( W\) ><]E
v+ A

and holds due to Jensen’s inequality. O

1

5

1
5

’UlA
Uy —|—]\

2
> , Vo, €(0,1],

Lemma 12. If f(z) = f(—2),Vz, then mmse,(1) = 1. Further, (V,,V}) = (1,00) is a fixed point of the state
evolution equations in ().
Proof. Recall that mmse. (v,.) = mmse(Z, v, 1 — 1|Y). Hence, mmse, (1) = mmse(Z, snr = 0|Y) and
mmse(Z, snr = 0]Y) = E(E“Z\?m - E2[Z|Y])
=E (E[|2]"]Y))
=E[Z]’] =1

A simple calculation shows that (V,.,V;) = (1,0) is a fixed point of (7). O

Lemma 13. Consider two independent Gaussian RVs: Z ~ N (0,7) and W ~ N(0,1). Suppose U = Z + o, W

and Y, ~ Py,, where Py, o Py - PYU‘U and PYU‘U is an arbitrary distribution. Define Zf[ 27— = _:02 U. Then,
we have Z- 1 (U,Y,), where A 1L B means that A and B are independent.

Proof. It is straightforward to show Z;- 1L U. Since Y, is generated from U, we also have Z;- 1 Y. O

The following lemma summarizes a few useful properties of ¢(v,.,02) (which is the noisy counterpart of ¢(v,.)).
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Lemma 14. Define

mmse, (v,, 02,

) £E|(EIZIYs, 2] - 2)°] (32)

where Z, = (1 —v.)Z + \/v,(1 — v, )N, Y, = f(Z + 0,W), Z,W, N are mutually independent standar Gaussian

RVs. Define .
b(v,,0%) = (1 — 1) . (33)

mmse, (v, 02) vy
For any o, > 0 and v, € (0,1), ¢(v,.,02) satisfies the following:

() ¢(vr,02) is continuous and increasing in v, € [0,1). Further, ¢(v,,02) > 0;

(i) o2 < é(v,,02) < o0, Yo, € [0,1).

Proof. Part (i): Same as Lemma [TT}(i).
Part (ii): We will show that mmse(v,., 02)) can be rewritten as

Uy 0'3}

)
vy + 02

Uy

vy + 02

2
mmse. (v, 02,) = ( > -E(U - IE[U|ZT,YU])2 + (34)

where U = Z + o,W, Y, = f(U), and (U, Z,) ~ N(0,X) where

1+02 1-u,
E:

1—v. 1—o,

From (34) we have
2

V0,

mmse, (v,, 02) >

Ur + 07211 ’
which together with (33) yields ¢(v,,02) > o2. We next prove the boundedness of ¢(v,,c2). Substituting (34)

w

into (33) and after straightforward calculations, we have

v ~E(U—E[U|ZT,YU]>2

¢<v7‘7012u) = 5"
vy + 02 — E(U _E[U|Z, Yg})

Since conditioning reduces MMSE [53| Proposition 11], we have
IE(U —E[U|Z,, Ya])2 < ]E(U - ]E[U|ZT])2 =, 02,
where the inequality is strict whenever Y, is not independent of U. All together, we have ¢(v,.,02) < co.
It only remains to prove (34). Let us write Z = Z, + Z, where Z ~ N (0,v,) is independent of Z,. We have
UZ2U -2, = Z+ o, W.

Define

i

S

27" 7
vp + 02,
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By construction, Zz I U. We also have Zz& Il Z,EI, since Z3- a linear combination of Z and W and the latter

two RVs are independent of Z,.. Also, Zj 1 Y, according to Lemma Hence,

E[Z|Z,,Y,] = 01702 ‘E[U|Z,,Y,] + E[Z+|2,,Y,]
T w
Uy ~
= -ElU|Z,,Ys],
e B2, Y]

where the last step is due to the independence of Zé and (Z,,Y,) and the fact that ZQ% is zero-mean Gaussian.

Hence, we have

2
]E(Z —E[Z|Z,.Y, ) - IE( _E[Z|Z,.Y, ])
. _ 2
- E( _E[Z|Z,.Y, )
O BT
_ ~ 2
- E( 7 -IEJ[U|ZT,YU])
[ U + 0,
(a) 2 2
= ( 2> (U E[U|Z,,Y, }) + Urng
VUr + o Uy +Uw
2
Vo
U —E[U|Z,.Y, w
( +02) ( vl ]> +U7»+O'12U
where step (a) is due to the fact that Z3 1L (U, Z,,Y,) and E[(ZZ)?] = ey O

vpto2 "

APPENDIX B

PROOF OF THEOREMI]

We first recall a few definitions and useful lemmas from [49], [50] in Section @ Then, we introduce our main

technical lemma in Section [B-B] and finally prove Theorem [I]in Section [B-C|

A. Minkowski dimension

In the almost lossless analog signal compression framework developed in [49]], [50], the description complexity of
bounded sets is gauged via their Minkowski dimension. Minkowski dimension is also called box-counting dimension

[64] (hence the subscript B in the notation dim ).

Definition 5 (Minkowski Dimension). Let S be a nonempty bounded subset of a metric space. The upper Minkowski

dimension of § is defined as

dimp(S) = limsup M7 (35

€0 log <

where Ng(€) is the e-covering number of S, that is

Ns(e)—mln{k‘ SCUB X, €), X; ES}

=1

where B(x;,€) denotes a ball centered at x; with radius e.

5Throughout this paper, A 1. B denotes the random variables A and B are independent
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For a probability measure, we define its e-Minkowski dimension [50] as the smallest Minkowski dimension among

all sets with measure at least 1 — e.

Definition 6 (e-Minkowski Dimension). Let u be a probability measure on R™. Define the e-Minkowski dimension

of u as
dimp (1) = inf{dimp(S) : u(S) > 1 — €}. (36)

An asymptotic version of the e-Minkowski dimension (called the Minkowski dimension compression rate) was
introduced in [49]. Wu and Verdud [49] proved that the probability measure of an i.i.d. source concentrates on sets
with Minkowski dimension approximately equal to the Rényi information dimension of the measure.

We will use the following lemma from [49] in the proof of the auxiliary lemma in Section

Lemma 15 (Minkowski dimension in Euclidean spaces). Let S be a bounded subset in (R™, || - ||2). The Minkowski
dimension satisfies
S log (S
dimpg(S) = limsup M (37)
q—00 q

where (), = |pz|/p, and (S), = {{(z), : © € S}, and the logarithm uses base 2.

Lemma T3] shows that in Euclidean spaces, we could replace e-balls by mesh cubes in defining covering number for
Minkowski dimension. The similar forms of and Definition [T suggest the close relationship between Minkowski
dimension and information dimension. Roughly speaking, Minkowski dimension counts the number of small pieces
needed to cover the set while the information dimension also takes into account the probability of each piece and

replaces the log Ng(e) term in (33) by an entropy term.

B. An Auxiliary Lemma

We introduce a few definitions. First, recall the definition

Q; = {y: f(y) contains an interval},

A

where f~1(y) = {z: f(2) = y}. We assumed Qy to be a finite set. For y € R™, let

Spt(y) = {i=1,...,m: y; € R\Qy} (38)

i1

be a kind of generalized support of y [49]] (i.e., locations of the components of y that do not fall into the “flat
sections of f).

For convenience, we introduce the following definitions:

Aaé{seR":ny(A(S))»m);(f/)éa} and Baé{yERmiSp;iy)lﬁa}a

(39)
A 2{se€R":y = f(A(s)),|lyl <r} and B, ={yeR™:|y| <r}.
Further, let A and B be the set of signals and measurements that can be perfectly reconstructed under decoder g.
More specifically,
A={secR": g(f(As)) =s} and B={f(As):sc A}.
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Clearly, the composite function f o A is invertible (with g being the inverse function) if we restrict its domain and

co-domain to A and B respectively. With the above definitions, we have

m

BﬂBaﬂBT:{y:yeB, ISP ) Sr},

and

o8B0 E) = {ow) iy e B <oy <)

_ { sea OO gy < }

m

Spt(f(A
_ {s e BRIy pa) < }
=ANA,NA,.
Lemma @ which is a variation of [50, Theorem 5], is key to our proof of Theorem E} Notice that Lemma @] is

a non-asymptotic result. Also, the radius r of the boundedness constraint does not appear in {T).

Lemma 16. Let Px be an arbitrary absolutely continuous distribution with respect to the Lebesgue measure and

x ~ [, Px(x:) a random vector. Suppose that for some o € (0,1], r > 0 and € € (0,1), there exists a matrix

A € R™ ™ and a Lipschitz continuous decoder g : Y™ — R"™ such that
P{x e ANANA} >1—¢, (40)

where the probability is taken over x. Then, necessarily we have

]__
ULy 1)

n «

Proof. Our proof follows from the following chain of inequalities:
a-m > dimp(B, NB,)
> dimp(B, N B, N B)
dimp(g(Ba N B, N B))
= dimg(A, NA-NA)
> dim(Py)
@ -
> d(x)—en

= (1—en

where step (b) is from the fact that Minkowski dimension does not increase under Lipschitz mapping [65} Proposition
2.5], and step (c) is from the definition of e-Minkowski dimension (see Definition @) and P{zx e ANA,NA} >
1 — ¢, step (d) is proved in [50, Theorem 5], and step (e) is from the fact that d(x) = n - d(X) = n when

x ~ [[!" Px(z;) and Px is absolutely continuous.
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It remains to prove step (a). Now, we use Lemma [T5}

log |<Ba N BT>M‘
dimg (B, N B,) = limsu ,
5 ) M—>oop log M

where (B, N B,))s is a set obtained by applying the discretization operator (y)y = | My]|/M (which has 2rM
quantization levels in y € [—r,r]) component-wisely to all the elements in B, N B,.. From our definition of B, N B;.,

we have

Spt
60 Bl = [{ ooy e B <y <}

< H<y>M : W <a,yce [—m}’"}’

(a) lam]
Z ( ) (2rM)'|Qy|™" (42)

LamJ

< Z ( ) @2r)leml gy m=leml for M > |Qy|/(2r)

m (QTM) lam] |Qf |m— lam] ,

where Q; = {y: f~'(y) contains an interval}, and we assumed |Q;| < co. Here are the detailed derivations for

C:= {<y>M : Spi(y)] <a, y€|[-r r]m}

step (a). Denote

m

Lam]

-U U &

i=0 SC{1,...,m},|S|=i
where

Cis = {<y>M yScGQlfch y e [-rr™ }7 15| = i.
In the above display, ygs. denotes the vector formed by the entries of y in the index set S° (complement of S). Now,
consider an arbitrary element z € C; s. Recall that (-)5; denotes a quantization operation and the total number of
possible quantized values in the interval [—r, ] is 2rM. Hence, for any j € [m], z; can take at most 2rM different

values, due to the constraint y € [—r,7]™. If j € S, we know additionally that z; € (Q f> M, Which can take at

most |Qy| different values. Hence, the cardinality of C; s can be upper bounded as
Cis| < (2rM)IS Q=181 = (20 M) Q|7 43)

Hence,
lam] lam]

UEDY ) CZC'<Z( >2rM 1051,

=0 SC{1,...,m},|S|=i
which leads to Step (a) of (@2).

As a consequence of (#2), we have

i log ’<Ba N BT>]\/[‘
im sup

a-m| < am.
M =00 log M <l I<
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Combining all the above arguments yields

and hence the claimed lower bound on m/n. O

In view of Lemma [T we can now prove the converse result in Theorem [T}

C. Proof of Theorem |

Our proof relies on the following lemma, whose proof is postponed in Section

Lemma 17. Let z = Az. Under Assumptions (A.1)-(A.3), the following holds almost surely as m,n — oo and

m/n— 6 € (1,00):

> Iz <t) “H B(t), VteER. (44)

i=1

1
m
From Lemma as m,n — oo with m,n — § € (1,00), the empirical distribution of z = Ax converges to
standard Gaussian in probability
1 m
NIz <t) B o), vieR.
mi4
Consequently,

{i=1,..m:zeRU) 7y p
m

where Z ~ N(0,1), Q; = {y : f~'(y) contains an interval} and the identity 1 — P(Z € f~1(Q;)) = d(Y) is due

(Z € f71(Qy)) = d(Y).

to Lemma [T This is equivalent to (see [38)

Spt(f(A@)] _ St _ Hi=Lom: % ERTHQ] 5y (45)

i o[BS | )y

n—oo

Hence, for any « > 0,

It is understood that in the above limit m and n tend to infinity with m/n — §. In view of the definition of A, in

(39), we have

lim P{zx € A,} =1, fora=d(Y)+ k.
n—oo
Hence, for any € > 0 and o = d(Y) + &, there exists sufficiently large n,m such that
P{xeAa}z1_§.

Further, since lim, . P{x € A, N A} =P{x € A,}, there exists sufficiently large  such that

2
P{xeAamAr}zP{weAa}—g21—36. (46)
Suppose that the decoding error probability does not exceed €/3, namely,
P{meA}Zl—g. 47)

May 13, 2023 DRAFT



28

For a = d(Y') + &, and sufficiently large r and m,n, we have
Plrc ANA,NA} >P{lxc A} +P{xc A,NnA}-1
Z 1- €,

where the second step is form (@6). Now, using Lemma [T6] we must have

m. 1—¢/3  1—¢/3
n~= a  dY)+r
Since k > 0 is arbitrary, m/n > ! (6/ )3 Hence, a necessary condition for achieving vanishing decoding error as
m,n — oo with m/n — § is
5> L
—d(Y)

This finishes the proof of Theorem [1}

D. Proof of Lemma [I7]

Let the SVD of Abe A =UXVT, where U € R™*™ ¥ € R™*" and V € R"*™, By rotational invariance of
U and independence between U and XV "z,

Az =UXV'g
4 |ZVTx| - Ue

= |=VTz| - u
d IZvTe
= M‘gla g1 NN(Ova)a
gl
where u; denotes the first column of U and 2 means that the random vectors on the left and right hand sides have
the same distribution. To show the desired weak convergence, it suffices to prove
s IZV 2] s
= —— — L
gl
To see this, we note that weak convergence is equivalent to convergence under bounded Lipschitz continuous test
function ¢ [66, Lemma 2.2]:
1 m
— > ol gi) “SHE[G(G1)], G1~N(0,1).
m
On the other hand,

%Z Pl g1;) — E[o(Gh)]| = %Z o(a - g15) %Z ?(915) %Z(b(glj) — E[o(G1)]
< 3 Ioag1) — Sl + | - - 16(01,) — BIS(G)
< Liglae =11 3" lgus |- 3" [6(01,) — El6(G)
J=1 Jj=1
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where the last step follows from the Lipschitz continuity of ¢ and Lj;, denotes the Lipschitz constant. Clearly, the
desired convergence holds if o 255 1.

From the above discussions, we just need to prove

SV as
=V 0,

lgal
Since V is Haar distributed, we have VTa < llz||/llg2]l - g2 where go ~ N(0, I,,). Hence,

IZVTz| a |
llg:ll g1 lllg=]l

Zg-

As x € R", g; € R™ and g, € R™ all have i.i.d. entries with unit variance, \/m||z|/(||g:1|/[|lgz]]) == 1. Hence, it

remains to prove m /2|

|2g2| &% 1. To this end, we shall prove

n

% > of Z i g3 6, (48)

i=1
which, together with the continuous mapping theorem, implies the desired result.
Similar to [39} Corollary 1], we use Lyons’ strong law of large numbers [[67] to prove [@8). We first show that
the following holds conditional on {\;}:
lim lingfrli&%& (49)
noee i "=

From [67, Theorem 6], it suffices to verify

(50)

We have assumed 1 37 | A2 &% E[AQ] < o0o. Hence, for any C' > IE[AQ], the following holds for all sufficiently

large n
Var( Z )\igfi) < 2nC.
i=1
Hence, (30) is satisfied and so (@9) holds. On the other hand, from Assumption (A.2), weak convergence together

with L i) DY A2 2% E[A?] implies convergence in Wasserstein distance of order two [36]. This further implies

convergence in Wasserstein distance of order one [36], and so = ZZ 1A 2% E[A] = 6. Putting things together

proves (@3).

APPENDIX C

PROOF OF THEOREM

We begin with an auxiliary lemma and then provide the main proof in Section
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A. An auxiliary lemma

Lemma 18. Let a be the first row of A, and z = (Ax)1, y = f(z +w), where w ~ N(0,02) and w 1L (A, x).

We have
I .
lim sup 7(27 y|7(;)
ow—0 log(aw )

<1-E[P{z. € f71(Q0)}],
where z, ~ N (0, ||al?).

Proof: We use z, to denote a random variable with distribution P.|q, 3o = f(2, +w) and z, 1L w. Note that

z=a"z, and so z, ~ N(0, ||al|?). Then, by the reverse Fatou lemma, we have

I(z; I(24; Ya . I(24; Ya
lim sup % = limsupE % < E [limsup M] .
ow—0 3 logoy Gw—0 5 log oy ow—0 3 logoy
In what follows, we prove
. 1(2a; Ya
lim sup 71( 7)2 < P{z, € R\Qy}, (51)

o0 Tlogoy

where z, € N(0, ||a||?). For convenience, define

Pa = Za + w. (52)
Using this notation, y, = f(p,). We introduce an auxiliary random variable

Q =1(pa € f71(Qy)).
Then,
I(za; f(2a +w)) < I(2q; f(2za +w), Q)
= I(Za; Q) + I(Za§ f(za + w)‘Q)
(53)
= I(24;Q) + P{Q = 1} - I(24; f(2a + w)|Q = 1) + P{Q = 0} - I(24; f(2a + w)|Q = 0)

< 1+1log(|Qf]) + P{Q = 0} - I(2a; f(2a + w)|Q = 0)
where the last inequality follows from the fact that I(z,; Q) < 1 for the binary random variable @, and I(z,; f (2, +
w)|Q = 1) <log(|Qy|) since f(z, + w) takes at most |Q | different values conditional on @ = 1.

Since z, € N(0,||a||?) and w ~ N(0,02), we can represent p, = z, + w as

a |lal la|[?o%,
Za = Pa + N
Clall?P+o2 Y lal? + 02,
———

—_———
@ B

where N is standard Gaussian and independent of p,. Hence, N is still independent of p, conditioned on ) = 0.

Hence, the conditional distribution of (z,,p,) is characterized by

Zq = - Pg + BN,
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where po ~ Py, 1g=0 = Pp,|p.cr\f-1(Q;)- Since f(Pa) — Pa — 2. forms a Markov chain, by data processing

inequality, we have

I(za; f(Za + w)|Q = O) = I(ga;f(ﬁa)) < I(ga;ﬁa)

== (1 + E[pQ])

DN | —

2 ~2
L (14 Lol EE)),

lal? + 0%, o3,
It is easy to show that E[p?] converges to a positive constant as o,, — 0, and

i 1(24; f (20 + w)|Q = 0)
im sup T —
ow—0 5 10g(0u1 )

<1,
and

lim P{Q =0} = P{z, € R\Qy}.

Tw—>

Combining (33) and (34) proves Lemma [T§]

B. Main proof for Theorem 2]

The proof is analogous to [50, Theorem 9]. Notice that we assumed x ~ N(0, I) in Theorem

Let Rx (D) be the rate distortion functions of Px with mean square error distortion:

Rx(D) = _inf I(X;9),
E[d(X,S)|<D,X~Px

(54a)

(54b)

where d(X, S) := (X — §)2, I(X; S) denotes the mutual information between X and S, and the infimum in the

above definition is over the transition probability PSI + subject to average distortion constraint. Notice that Rx (D)

can be equivalently defined as [68, Theorem 9.6.1]

Rx(D) = inf L (@9,
Eldn (2,8)]<D,{z:} &% Px

where d,,(z,8) = 237 | (x; — 8;)°

Consider the MMSE estimator & = E[x|y, A] with mean square distortion

1
D, (0y) = —mmse(z|y, A ZE — 1),
n

where the expectation is over the joint distribution of @ and . In what follows, we will sometimes write D, (o)

as D,, for notational convenience. By the definition of rate distortion functions,

n-Rx(Dy) < I(x,&).
Denote by I(&; A, x) the mutual information between & and (A, x). We have
I(x; &) < I(x; A, &)
=I(x; A) +1(x; x| A).
e
Hence,

n-Rx (D) < I(x;z]|A).
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Denote z = Az and y = f (z + w). For every realization of A, we have the following Markov chain:

:B—)ZA—>yA—>.’f3A,

(3L

where the subscript “4” is added to emphasize the fact that A is fixed. From data processing inequality [68, Theorem

4.3.3], we have I(x;&4) < I(za;ya). Further averaging over A yields

I(x;2|A) < I(2;y|A)

<> I(z3yilA)
i=1

(57)
I(Zi; Yi |a¢)

I
.MS

s
I
-

=m-1(zyla),
where a; denotes the i-th row of A, the second inequality follows from [68, Eq. (7.2.19)] (note that {y;} are
conditionally independent given z), and in the last inequality we dropped the subscripts as the joint distributions of
{(2:,Yi,a;)} are identical due to the rotationally-invariance of A. Combining (56) and gives us the following

lower bound on m/n:
Rx (D)

> —
~ I(zyla)

(58)

m
n

Now, suppose that
. . Lmmse(z|y, A)
M*(X, f,A,6) = sup limsup —r——"—= < 00

2
Ow N—00 Ow

Then, there exits C' > 0 such that the following holds for sufficiently large n
1
D, = —mmse(z|y, A) < C-02, Vo, >0.
n

The following arguments are similar to the proof of [50, Theorem 9]. Let R)_(1 be the inverse function of Rx. (Since

Rx is a monotonically decreasing function, its inverse exists.) We have
Rx(D,) > Rx(C-02), Yo, >0.

Hence, the following holds for any o,, > 0,

m ~ Rx(C-02)
59
_ Izyla)  slgon e
%1og L Rx(C-02)’

o2
C-o2

n . _1I(zyla)

When X ~ N(0,1), we have [49]

Rx(C o2
71)(( fw) ~1. (60)
ow—0 ilog o)
Further, from Lemma [T8] we have
I .
timsup 209 <1 [Pz, € £ (Q) (6)

ow—0 5 108 CoZ,
where z, ~ N(0, ||a]|?), and a has the same distribution as the first row of A. Note that the proof of Lemma

shows that || As| “3 1 as m,n — co with m/n — &, whenever ||s|| — 1. Hence, ||a| “3 1 where a is an arbitrary
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row of A. It is easy to show that P{z, € f~!(Qy)} is a continuous function of ||a||?, and by continuous mapping
theorem we have P{z, € f~1(Q;)} “3 P{Z € Q;} where Z ~ N(0,1). Then by dominated convergence theorem,

the following holds as m,n — oo with m/n — 4,
Ea[P{z. € f71(Qy)}] = P{Z € Qs}. (62)

Combining (59)-(62) yields our desired result and concludes the proof of Theorem [2]

APPENDIX D

PROOF OF LEMMA [2]

We use the smoothing argument of [69, Theorem 1]. Roughly speaking, we construct a sequence of smoothed
functions 7, (indexed by &, M, o; see (63)), and show that the performance of the corresponding GLM-EP-app
algorithm tends to the predicted performance of GLM-EP as &, M, o approaches a certain limit. This implies the

performance of GLM-EP-app could be made arbitrarily close to the predicted one with proper choice of &, M, 0.

Remark 3. We emphasize that the GLM-EP-app algorithm is introduced mainly for performance analysis purposes.
In practice, GLM-EP is preferable. Our simulations suggest that the asymptotic prediction is accurate even for the

original GLM-EP under wide choices of f (including the quantization function).

As many steps of the proof are the same as [69, Theorem 1], we only sketch the main idea here.

A. Constructions of 1, and Cy

For brevity, we omitted the argument v in the notation 7). (z,,y,v) throughout this section. Let Q7 = {y, : 1 <

q < Q} (where Q < 00) be the set for which f~! contains an interval. Let £ < %min {lyp — Yql,p # ¢} and define

ng(z)  forz, e Ryye (y,— &y, +8),Yg=1,...,Q

15 (zr,y) = n.(zr,y) for z. € Ry € Y\ Uqul(Z/q — &y, +8) (63a)
0 for z. € R,y € R\Y
where we denoted
Ng(2) 2 02 (20, Yg)- (63b)
Here, we extended the definition of 7, at the isolated points {y1,...,y¢o} to their neighborhoods. This treatment

ensures 7 (z,y) to be continuous at (z,, Yq), Which is a useful property for our analysis. We apply an additional

truncation to n%(z.,y) (where M > max{|y1,..., |[yo|}):
8™ (2o, y) £ 05 (2, y) - T aragp2 (21, ), (4
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where I;_ s, a2 (2, ) is an indicator function that equals one when (z,,y) € [—M, M]? and zero elsewhere. Finally,

we smooth 7¢M (2., y) by convolving it with a Gaussian kernef’}

ngvajw(zr’ y) é nE’M(ZT7 y) * ¢O’(ZT’ y)

! (s = 2)* + (t = y)? ©
= //]R2 n>M(s,t) - 5oz CXP (— 552 ) dsdt

Some useful properties of 7% (z,.,y) and 7, are given in Section (see Lemma |19 and Lemma .

In the GLM-EP-app algorithm (see (8)), the function 7, and the constant C; are given by

ﬁZ(eryaUT) = ngvgﬁM(eryaUT)’ (66a)

and

_ 1

C1-E [z v )
where the expectation in (66b) are taken with respect to Z!~t ~ N(0,1 — V!=Y), Z = Z, + N(0,V,!!) and

Cy (66b)

Y = f(Z). Notice that C; depends on the the original function 7., not the smoothed and truncated function 125,

This choice is for the purpose of simplifying our analysis.

Before we move to the proof sketch in Section [D-C| we present some auxiliary results in the next section.

B. Auxiliary results

Lemma 19. Let v,.,&, M, 0 > 0. The following hold
(P.1) 15(2r,y) is continuous a.e. with respect to the Lebesgue measure. Further, n5™ (z,.,y) is a.e. bounded;
P.2) 77;”5’M (2,y) is Lipschitz continuous and bounded on R?;

(P.3) lim, 0075 M (2, y) = 5™ (2., y) whenever n&™ is continuous at (z,,v).

Proof: Proof of (P.1): We note that 74(z,) (¢=1,...,Q) is a continuous function of z, € R:
n (ZT> é nz(zr Y ) = ff*l(y‘l) v N(u; Z"’UT)du
q »Jq fffl(yq)/\/'(u; var)du

By definition of y,, f~!(y,) contains an interval (could be union of intervals), and it is straightforward to show

that 7,(z,) is continuous on R.
When y € Y\Qy, f~!(y) is a finite set and we have (see (6)

N2, y) = Duiefi(y) Ui N (uis 2, 0)
o Zuief—l(y)N(U;i;Zhv) '

By the piecewise smooth assumption of f, it can be shown that Y\ Q[ can be further decomposed into several

non-overlapping intervals, denoted as Y\Q; = U}]:1 Y; (where J < 00), such that 7,(z,,y) is continuous on
R x Y;, Vj. This is due to the fact that each point of f~!(y) is a continuous function of y for y € Y;. Specifically,

it is possible to write f~1(y) as
7 w) ={F/(w),.... F, (y)}, Vyel,

TThe smoothing parameter o should not be confused with o,,, which denotes the noise variance in Section
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where K; < 0o, and each Ff(y) is a continuous function of y (by piecewise continuity of f). Hence,

Sy FEy) - N(FE(y); 2, v)
PACZ) = 3 v Zr, R yja
n:(2r,Y) S N Frg)iz0) (2r,y) € R x

and it is continuous on the interior of R x Y;. As an example, consider f given in (I3) (see illustration on the left

panel of Figure [T). In this case,

_ {~y—Ly+1}, fory > 1
F ) =
{-y—-Ly+1,-yy}, for0<y<1

It can be shown that 7,(z,,y) is continuous on R x (1,00) and R x (0, 1).

The claimed a.e. continuity of 7% (see definition in (63a)) follows from the above properties of 7, (z, ).

Since 7% (2., ) is continuous almost everywhere (with respect to the Lebesgue measure), 75 (2, y) = n° (2, y) -
I(— a2 (2, y) is bounded almost everywhere. Let M’ < oo denote this a.e. bound of |1S*|. Then, the smoothed

a&M(

function |n? Zr,y)| is upper bounded by M’ on R2.

Proof of (P.2): With slight abuse of notations, let ¢,(s,t) denote the bivariate and univariate Gaussian pdf

functions respectively. Namely, ¢, (s,t) = ¢, (s)¢n(t), where ¢, (s) := \/237? exp(—s2/(20?)). To prove Lipschitz

continuity, note that

N2 &M (20, 1) — 02 M(

gﬁﬁMmmmweﬁ%wew—%m—@%@—mwﬁ

227y2)|

< 8M'M2(|¢e [loo |6l - (1, 21) = (w2, 22,

where we used
|60 (21 = 8)o(y1 — 1) = do (22 = 8)o (y2 — 1)
< @olloc - (160 (yr = 1) = a(ye — )| + b (21 — 1) = do (22 — 1))
< |[@ollooll @)oo - ([y1 — y2| + |21 — 22|)  (mean value theorem)

< 2[[dolloc 105 lloo - 1 (y15 21) = (y2, 22).

0,§,M

Hence, the function 7 is Lipschitz continuous. The boundedness of 17¢™ follows from the fact that 5™ is

a.e. bounded (P.1), and the Gaussian convolution kernel is absolutely continuous w.r.t the Lebesgue measure.

Proof of (P.3): Let (20, o) be a point at which n%* is continuous. Since 7" is bounded almost everywhere,

we could apply DCT to get
1 s +t2
li = 1 t ——— | dsdt
013%)77 M (z0,0) = = //]Rz (20 + 5,50 1) - a2 P ( 202 )
2

1 t?
:‘lii%//ﬂ{? (20 + 08,90 + ot) - 27Texp<—s ; )dsdt

1 24+ ¢
// lim 7M™ (29 + s, y0 + ot) - — exp <_s i )dsdt
R2 o—0 2 2

Since n%M is continuous at (zo,%o), we have

lim 775 IVI(ZO + gs,Yo0 + Ut) = 77§7M<Z07 y0)7 V(Sa t) € RZ'

o—0
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Combining the two steps completes the proof. [ ]

Lemma 20. Let v, > 0. There exists a constant C > 0 such that
02 (2r f(2),00) < C-(1+ ||(20, 2)|]),  V(zp,2) € R (67)
Proof: We differentiate between two cases: f(z) € Qy and f(z) € Y\Qy, where Q5 = {y1,...,yq} correspond
to the flat sections of f.

Case I: f(z) € Q. Assume f(z) = y; and denote Z; = f~'(y;). In what follows, we will prove
Sz w- N (us 2, v )du
nz(zr7yl7vr) - fI'N(U;ZT7UT)dU

<Ci'(1+‘zr‘)7 Vz,. € R.

Suppose Z; can be written as Z; = Uszl(ak, bi), where aj could be —oo and by, could be oo (we do not index
ay, by, by i to simplify notation.) Then,
Sz w- N(us 2, v )du
N2 (2rs Yi, Vr) = fz N ;2 00)du
f((llmbk) - N(u; 2, v )du
1 Zszl f(aj’bj)./\/'(u; Zry U )du

We have

< zl{: ‘f(ak,bk)u-/\/(u;zr’vr)du‘

- K
k=1 ijl f(aj,bj) N(u; Zr, Ur)du
K

‘772(27“1 Yi,s UT)'

(68)
‘f(ak,bk) u- N(uy; Zr,vr)du’

f(ak,bk)N(wzr,’Ur)du

We bound the terms inside the summation seperately. First, assume both a; and by are finite. Then,

‘f(ambk)“'N(“?Zﬁvr)du B ‘f(ak,bk)U-N(UQZr,Ur)dU‘
f(ak,bk)N(U;var)du o f(ak,bk)N(u§ o o) du

Sianbe)—z, £ N (&0,v,)dt
Sar )2, N (£:0,07)dt

Zr +

< |zp| + max{|ax — 2|, |bk — 2|}

< C'(1+ |z)
Now, suppose ay = —oo. (The argument is similar for the case by = c0.) We have
o (")
= Vo — T < O (1 + )
k—ZRr
o (17)

where ¢1 and ®; denote the pdf and cdf functions of standard Gaussian distribution, respectively, and the last step

f(foo,bkfzr) t- N(t7 07 U'r')dt
f(—oo,bk—zr) N(t7 Oa Ur)dt

is from mean value theorem together with the following elementary result
( ¢1(z) ) /
Py (z)
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Case 2: f(z) € Y\Qy. In this case, f~'(f(z)) is a finite set, and

Dowesr sz Ui P () s (ui—2z)?

nz(zrvf(z)avr) = 9 E’i B — (69)
Duief-1(f()) &P (—Ei) 2y
Hence,
Dwef-1(f(2) Wil - exp (—Ej)
Ins(zr, £(2), 00)] < Eef (_fl( . exp (—E;)
ui €f~1(f(2)) (70)
< Y |wil-exp(=Ei+ Eum)
wi €f1(f(2))
where
Emin = min {EJ} (71)

From the piecewise assumption of f, we have that |f~!(f(2))| < K for all f(z) € Y\Qy. It suffices to prove the
following for 1 <i < |f~(f(2))|:

[u| - exp (—E; 4 Emin) < C (L +|(2,2.)]])  ¥(z,2.) € R%

Denote

ti é exp (_Ez + Emin) = €Xp (_(u%_ZT)

(As E; > Enin, we have 0 < t; < 1.) From this definition,

1
|ui - Z’F‘ = \/2UT . <Emin +10g t)

1
‘ui‘ < ‘zr| + \/QUT‘ ) (Emin +10g t_)'

|wi| - exp (—E; + Emin) = |us| - t;

1
< |ZT| -t + \/21},« : <t3 ‘Emin +tz2 IOg t)

(@) PP 1
S ‘Zr|'t1+ 21}7" t%.M+t1‘2.logi
QUT ti

(b)
< |zo| + V(2 = 20)2 + 0.4v,

Hence,

Then,

<C- 1+ (2 2)0),
where step (a) is from the definition of Ey,;, and the fact that z € f~1(f(2))), and step (b) is due to 0 < ¢; < 1
and t2log(1/t;) < 0.2. [
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C. Proof sketch for Lemma 2]

Our proof for Lemma [2] follows the approach proposed in [69, Theorem 1]. As many steps are similar to Lemma

[2] we will not provide the full details of the proof, and only sketch the main idea. The proof has two main steps:

o,&, M
z

(Step 1) The smoothed function 7 is Lipschitz continuous, so the asymptotic MSE of GLM-EP-app could be
characterized by a state evolution (SE) recursion;

(Step 2) Using the SE platform, we show that the asymptotic MSE of GLM-EP-app converges to the (expected) MSE
of GLM-EP, as 0 — 0, and £ — 0, M — oo sequentially. This implies that, with proper choice of o, &, M, the

asymptotic performance of GLM-EP-app is arbitrarily close to that of GLM-EP.

Step 1 is a consequence of [41, Theorem 1]. Note that the model considered in this paper is a special case of that
adopted in [41], Theorem 1]. Also, here we assumed f to be Lipschitz continuous, as required by [41, Theorem 1].
The crucial assumption of [41, Theorem 1] is the Lipschitz continuity of n7:¢™  which we prove in Lemma |19 (see

z
Section [D-B).

A caveat is that [41, Theorem 1] assumes 7)"75’M

7 (2zr,y, vy) to be uniform Lipschitz (see definition in [41]) w.r.t. to

(2r,y) and v,. However, since GLM-EP-app uses the deterministic sequences {V’, V;'};>( instead of their empirical
counterparts {v%, v}, this additional uniform continuity assumption is not required here.

Step 2 follows the same argument as in [69, Theorem 1]. First, the state evolution of GLM-EP-app is slightly
more complicated than that of GLM-EP, and involve four sequences {of, 7}, al, 7} }i>0. (The SE of GLM-EP can
be viewed as a special case of this more general SE.) Note that these sequences all depend on the parameters
o,&, M, but to keep notation light we do not make such dependency explicit. Intuitively speaking, (af, /) describes

the correlation matrix of the components of (z, z}) (where z < Ax):

E[Z2] E[Z2Z} 1 o
cov(z. 2 2 | 1 [ tlj ="
ElZz)] E[(Z)"] a7

Similarly, (o, 7!) describes the correlation of the components of (z, 2%)

Tyor

The SE describing the recursive relationship of {af, 7/, a%, 7!} is given by

of = 675 (0l o), and 7 = 674 (ol o?),

ryYor TyoTr

al = ®y(al,0l), and 7! = ®y(al,0l),
where GLM-EP and GLM-EP-app start from the same initializations, i.e., o;-' = 7,71 = V.71, A formal definition
of these functions may be found in, e.g., [41]].

Our goal is to show that the limit of the covariance Cov(Z, Z}) for GLM-EP and GLM-EP-app for all ¢ > 0.
Note that if Cov(Z, Z}) for GLM-EP and GLM-EP-app are the same, then Cov(Z, Z!) would also be the same, as

the second steps of the two algorithms are identical (cf. (6)) and (8B)).
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As in [[69, Theorem 1], the argument proceeds inductively on ¢. Because the steps are straightforward, we do not

provide the full details and only consider the first iteration. Basically, we need to prove the following:

lim  lim E[Z -n25M(Z,,Y)] = E[Z - 0.(Z,,Y)] (72a)
£—0,M—00 0—0
i i o &M - :
Eﬁg’%nﬁm;g%ﬁ% n2 > (2, Y)] = E[Zy - 12(Zr,Y)] (72b)
. . - 2
lim  lim E[(n2¢M(Z,,Y))"] = E[(n.(Z, Y))’] (72¢)

£—0,M—00 0—0
where Z ~ N(0,1), Y = f(Z). Note that these results hold for any Z, as long as it is joint Gaussian with Z
(non-degenerate).
We next prove (72a). Other results can be proved in the same way. We first calculate its limit of E[Z-n2%M (Z,., V)]
as 0 — 0. From Lemma the function 7°¢™ is bounded, and using dominated convergence theorem we get

lim E[Z - n2$M (Z,,Y)] = E [Z im 526 M (Z,, Y)}
o—0 o—0

=E[Z-n2"(Z:,Y)],

where the last step follows from
limo n?SM(Z,, V) =n5M(Z,,Y) as. (73)
o—

To see (73)), note that Lemma shows lim,_,o n7¢M (2., y) = n5M(z,,y) whenever n5* is continuous at (z,, ).
In particular, our construction of 5™ (see (63a)) guarantees that n5 is continuous at (2,,y) € R x {y1,...,y0}
Similar to the proof of Lemma (P.]), it can be shown that the set of points at which 75" is discontinuous has
zero probability (with respect to the distribution of (Z,.,Y)).

It remains to prove

lim E[Z-($"(Z,,Y) = n.(Z:,Y))] =0.

£€—0,M—00

Similar to (P.l), it can be shown that 77§=M (Z,,Y) is almost surely bounded w.r.t, the distribution of Z,.,Y". Also,
by Lemma 20} n.(Z,,Y) =n.(Z,, f(Z2)) < C- (1 +|(Z, Z)||). Hence, we could apply DCT to show

lim  E[Z-(8M(Z,,Y) = 1.(Z,,Y))]

£—0,M — o0

=E| lim Z-05M(Z,Y)—-n.(Z.,Y))

§—0,M —o00

=0.

APPENDIX E

PROOFS OF LEMMA B]AND LEMMA [4]
A. Proof of Lemma 3|

From (7)), the state evolution recursion for V. reads

VIt = (o(V)))
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where V. = 1. Lemma [11|in Appendix |A|implies that the composite function ®(¢(V}.))) is continuously increasing
in [0, 1]. Further, ®(¢(V;.)) > 0 for any V,. € [0, 1]. An induction argument shows that {V,*} monotonically converges

if and only if
®(B(V)) <V, (74)

which holds since V,! =1, ¢(1) > 0 (see Lemma and ®(v) <1 for all v > 0. Further, if ¢(1) # oo, then the

sequence {V,*} converges to V,*, where V,* is the smallest v so that the following holds for all V. € [v,1], i.e.,
V= inf{v €[0,1] : @ (d(v,)) < vy, Vo, € [v, 1]}.

Substituting in the definitions of ¢ and @ in (7)), it is straightforward to show that the above definition of V,* is
equivalent to that in (T0).
For the degenerate case where ¢(1) = oo (which corresponds to mmse, (1) = 1 and happens when f is an even

function), P(1) = 0 and so V,* in (I0)) is not defined. Lemma [3| holds by defining V,* =1 for this degenerate case.

B. Proof of Lemma

Throughout this paper, we denote ¢(0) = lim,__,0 ¢(v,). In our discussions below, we shall exclude two cases
for which the Lemma holds trivially: (1) f is invertible, it is easy to show P(v,) = —1 > 0 and MSE} = 0;
(2) f(Z) is independent of Z (e.g., f(Z) is a constant). Clealry, MSE} = 1. At the same time, mmse, (v,.) = v,,
¢(vr) = 400, and P(v,) = 0 for all v,.

1) Proof of (i): Consider two following cases.

e Case 1: d(Y) =0;

o Case 2: d(Y) > 0.

For Case 1, we next show that the condition (]E[) does not hold, and further perfect recovery is impossible, i.e.,

MSE} # 0. To see this, we consider P(0):

S B L L ]
(@ | ¢(0) - | . mmse(Z,v; 1 —1|Y)
‘E[W}””[l—v&% . ]
=E 20 ] _ 1+4- -1 — lim (snreg + 1) - mmse(Z, snr, |Y)} (snreg == vt — 1)
_¢(O> + A_ L SNFe—> 00 eff ) eff eff - r
OE[ 90 T s .
=FE 5(0) + A 14+0-[1=2(Z|Y)]
© o[ #0)
=E 20+ A —144-d(Y)
@ [_80) ]
R O
<0,

where step (a) is from the definition of mmse, below (7), and step (b) is from definition of Z(Z|Y") (see Definition
@)) and the fact that mmse,(0) = 0, step (c) is from Lemma [8] and the last step is from 0 < ¢(0) < +o0 (see

Lemma [TT).
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By continuity of P, there exists ¢, € (0, 1] such that P(¢,) < 0, implying that (T2) does not hold. Further, from
Lemma [3} lim; o V;! = V* > @, > 0. By the strict monotonicity of ¢, ¢(V,*) > ¢(9,) > 0. Then, from (7d),
MSE} = MSEA (¢(V?)) > 0.

The proof for Case 2 is also straightforward. From Lemma [3] we have the following equivalence:
V= Jim V=0 <« ([2) holds.
Furthermore, for Case 2, (@) guarantees ¢(0) = 0. On the other hand,
V =0and $(0) =0 <= MSE} = MSEA(6(V)) =0.

This proves the equivalence between (I2) and MSE} = 0.
2) Proof of (ii): From (73),

_ »(0)
P(0)=E [MO)HJ —145-d(Y)
) E{¢$)()()+)A}—l<0 if d(Y) =0

—1+4-d(Y) if d(Y)#0
where we used the fact that ¢(0) = 0 when d(Y) # 0. Overall, if 6 < 1/d(Y’), we have P(0) < 0. By continuity
of P, (12) does not hold, which together with part (i) shows that MSE} # 0. Hence, § > 1/d(Y) is necessary for
achieving MSE} = 0.
Now suppose & > 1/d(Y’). We next prove there exists a spectrum Py such that MSE} = 0. From part (i), this is

equivalent to checking there exists Py such that P(v,) > 0 for all v, € (0, 1], which can be rewritten as (from

(@D

o(vr) :|
E Lﬁ(“r) A > g(v.), Yo, € (0,1]. (76)
We first prove
sup g¢g(v.) < 1. (77)
v,-€(0,1]

where g(v,) is defined by (see (TI)))
mmsez(vT))

vy

g(vr)él—5<1—

As shown in (29) (Appendix [A), mmse. (v,) < v, for all v, € (0,1). Further, the inequality is strict when Y := f(Z)

and Z are not independent, which was assumed to hold (see discussions at the start of this appendix). Therefore,

g(vy) <1, Vo, €(0,1).
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Further, when v, = 1, mmse, (1) < 1 (by assumption) and so g(1) < 1. When v, — 0,

g9(0) = lim g(vr)

iy
= i 1 (1 )

—1-3(1- 2(Z|1(2))) 78)
—1-6-d(Y)

<0,

where the last equality is due to Lemma [§] and the last inequality is from the assumption ¢ > 1/d(Y"). Combining
the above facts (together with the continuity of g) proves (77).

We are now in the position to prove (76). Consider the following two-point distribution parameterized by P € (0,1)
and a € (0,9):

a with prob. P
Py = (719)
51__“15 with prob. 1 — P.

This distribution satisfies the normalization assumption E[A] = 6. Under this distribution, the left-hand side of (76)

becomes
¢(W) :| ¢(UT) ¢(Ur) ( A 5CLP)
E|l-2 | —p. B L q_p). 2 (p2
e R e R e M O e 50
o(vr)
> P- b>0).
o(vr) +a ( )
We next show that there exists a € (0,4) and P € (0, 1) for which the following holds,
o(vr)
L) ). Yo, € (0,1].
S > gl Vo, € 0.1
Since ¢(v,) is non-negative (see Lemma [T1), It suffices to prove
P
a < ¢(vy) - (g(v) — 1) , Yv,eD=2 {vr € (0,1] : g(v,) > 0}. (81)
Consider an arbitrary P € (sup,cp g(v),1). Due to (77), this choice of P is valid.
Let

amin(P) = inf  ¢(v,) - (g(l;) - 1) .

v,-€D
We conclude our proof by showing amin(P) > 0 for P € (sup,cp ¢(v), 1), and setting a € (0, min(amin(P), 6)).

To this end, we note

ulrrg]m o(v.) >0, (82a)
and
P
inf — =1 . 82b
e (gw,-) ) =0 (620

Eq. (824) is due to the following facts: (i) ¢(v,) > 0 for all v, # 0 when f is not invertible (see Lemma ; and
(i) D = {v, € (0,1] : g(v,) > 0} C (#,1] for some % > 0. (Since g(0) < 0 and g is continuous.) Eq. (826) is due
to the definition P € (sup,cp ¢(v),1).

This completes the proof.
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APPENDIX F

PROOF OF LEMMA [6]

Lemma [3] shows that the MSE of the GLM-EP algorithm is given by

st & [0 *9
where
Vi =inf {v €l0,1] : E [(b(i()%] > g(v,.), Yo, € [v, 1]} : (84)

Here, the subscript () is added to emphasize the dependency on the spectrum Py. Since E [ ¢(¢; (:’)_2 A} >0, V¢

can be equivalently defined as

* . (v
Vi = mf{v €f0,1] : E Lb(v,()—i)—/\ > G(vr39),Yu, € [v,1] p . (85)
where G(v,;0) is defined in (T4). We next prove that vX must satisfy
P(Vx) }
MSEX £ E { = G(V};0). (86)
A TR
Eq. (74) implies E Ls(d)l()ll/\} > ¢g(1). Further, ¢(1) > 0, and thus E [%} > 0. Together, we have E h(ﬁ(ﬁ/\} >
G(1;6). The only possibility (86) does not hold is when
¢(vr)
— r0) Yo, ,1]. 87
[(;5(’07«)4-/\ > G(vp;0) Vo, €10,1] (87)

We next show that cannot hold. We only need to prove cannot hold for v, = 0. We consider two case
d(Y) > 0 and d(Y) = 0 separately. When d(Y) > 0, Lemma |1 1| guarantees ¢(0) = 0, and thus E [ ¢(0) } =0<

d(0)+A
G(0;0), where the inequality is from the definition of G(-). When d(Y') = 0, as shown in (73), we have

lim 1 -4 - {1-”"“562(1”)] =1-6[1—9(Z|Y)]

vr—0 Uy
—1-6-d(Y)
=1.

Hence, from (T4), we have G(0;8) = 1. On the other hand, E [%} < 1 since ¢(0) > 0. Hence, (87) cannot

hold at v,, = 0. Combining the previous arguments proves (86).

At this point, we can compare MSE} and MSE},. Note that C'/(C'+ A)~! is a convex function of A for every

C > 0. Hence, Lemma [3] implies that the following holds for all ; > 0:

where >; means spikier in the Lorenz sense (see Definition E[) From the definition of V, we have

A1 > A2 — VKl < VKZ (88)

To compare MSE}  and MSE} , it is not very convenient to directly use (83) since the expectation in (83) itself
depends on the distribution of A. Instead, due to (86), we only need to compare G(V} ;0) and G(V} ;6). Since

Vi, < VX, the claims in the lemma follow directly.
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APPENDIX G

PROOF OF THEOREM 3]

From Lemma 4} the GLM-EP algorithm cannot achieve perfect recovery at finite § if d(Y") = 0. Therefore, we
will only consider the case d(Y") > 0. In this case, we have ¢(0) =0 (see Lemma [TT).

When ¢(0) = 0, we have MSE} = 0 if and only if V' = 0, where V is defined in (83). Therefore, we can
equivalently define 5Z|g as

53& =inf {6 : V{ =0}. (89)

We have proved in (88) that if A; =7 Ay, then Vi <V} and hence 62'% < 5;’\'5 (from (B9)).

APPENDIX H

PROOF OF LEMMA[7]

Throughout this appendix, we assume § > 6f\|g > 1/d(Y"), where the second inequality is a consequence of the
necessary condition for perfect reconstruction given in Lemma [4]

We first collect some auxiliary lemmas in Section [H-A] before we present our main proof in Section [H-B]

A. Auxiliary Results
We denote
Y = f(2),
Y, = f(Z + 0,W),
Up = Z + 0u,W, (90)
Zy =1 —v.)Z + \/v.(1 —v)N,
R=\f,Z - VT=oN,

where Z, N, W, R are standard Gaussian RVs, and (Z, N, W) are mutually independent and R 1 (Z,., W). (Here,
A 1L B denotes A, B are independent RVs.) Notice that

Z =7, 4+ JurR.

Lemma 21. Let mmse, (v,,02,) be the noisy MMSE defined in (32). Define

2 2
9\ A o2 R Vvo, W 97 oc
mmseapp (U, 05,) =0, E <(Ur o ot ol ) H(51)> + v, E (R*I(£Y)) . 1)
where
& = {U, e R\Q;}, (92)

U, =Z + oywN and £ is the complement of £1. Then, the following holds

. 1 2 21) _
UT-&}T%I—>O o (mmsez(vr, o) — mmseapp(vr,aw)> =0. (93)
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Proof: By the definitions of mmse, and mmse,;,, we have

- (mmse. (v, 0%) — mmseap, (v, 05))
T

1

2
O'wR o \/fUT"UwW

=E 2 2
Uy + 0y, Uy + 0y,

Uy

2
(Z — E[2|Y,, 2,))* - ( ) () - RQJI(é‘f)] |

We bound the term inside the expectation by

1 9 02 R VoW 2 2
—(Z -E|Z|Y,, Z,.])" — « — I — R*I(&7
(2Bl 2) - ([T - D) ) - RANE)

(@)

2
onR B N UrO W
vr+02 v+ 02

2
(R —E[R|Y,, Z,])* — ( ) I(&) — R1(&S)

94)
2R oW\’
<2(R? +E2[R|Y,, Z, Tw™ VL) () + RA(ES
<2+ BRI, ) + (2 - YT e + e
1
<2(R? 4+ E*R|Y,, Z,]) +2 (}22 + 4W2> + R?
where step (a) follows from the definition Z = Z, + /v, R. Since
1
E {2(1%2 + E2[R|Y,, Z,]) + (R2 + 4W2> + Rﬂ < 00,
by dominated convergence theorem we have
. 1 2 2
vr+1}r%1~>0 U—Tmmsez(vr7 os,) — mmsegpp (U, 05)
- iIE(Z E[Z|Y,.Z ])2 mmseapp (vr, 02)
- ’U.,.+£’IEI01~>O UT (o] T seapp /U»,-, O'w
1 2R WY
—E| lim — (Z-E[Z|Y,.2))° - ( Twl_ Vo . ) 1(&1) —R2H(5f)]
’L)T+(712U—>0 Uy Up + Uu} Uy + Uw
= E[T1] + E[T3],
where
1 2 W
T2 tm L (Z-Ez|Y,, 2] 1) — (el YW e
Vo2 —0 Uy v+ 02 v+ 02 95)
1
T2 I (2 - B2, Z]) 1E) - RAED).
vr+02 —0 Uy
We next prove E[T1] = 0 and E[T»] = 0 separately.
Analysis of Ty: Direct calculations yield
2
o N (s 20, v+ 02) T Er gy,
EZ|Y, =y, 2, = 2] = i L L (962)
ff—l(y) N(U, Zry Up + U%v)du
b Sz uN (u;0,v, + 02))du 96b)

v+ 02 [LN(u;0,0, +02)du’

EN _(@=m)?

where N (z;m,v) \/217? exp ( = ), T = f~(y) — 2, and the second step is due to a change of variable.

We emphasize that Z is indexed by y and z,, but to make notation light we did not make such dependency explicit.

When f~1(y) is a discrete set, the integration is simply replaced by a summation.
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With slight abuse of notations, let (z,w,n,y,2,) be an instance of (Z, W, N,Y,,Z,). From (©0), we have
zr = (1 —v.)z+ /v.-(1 —v.)n and y = f(z + o, w). Then,

2
1 5 1 (o fz uN (u; 0, v + o3 )du
— 2 —-EZ|Y, =y, Z, = 2])" = — e T
T@ [Z| Y zr]) W(ZZ vy 02 [N (u;0,0, + 02)du
v JpuN (0,0, + 02)du’
vp + 02 [FN(u;0,0, +02)du

2
Vor JpuN (u; 0,0, + 02)du
- r _\/]-_ rTt —
< o vt vp + 02, [ N(u;0,v, 4+ 02)du

1
— (vrz — V(1 —v.)n —

Uy

o7

_ VOr 7 uN(u; 0,0, + 02))du 2
U ot 02, [ N(u;0,v. +02)du ) ’
where the last step is due to the definition of the r.v. R in (90). Recall that & = {Z + 0,W € R\Qy}, where

Qf = {z: f~'(f(2)) contains an interval}. Conditioned on &;, f~!(y) is a discrete set, and so is Z = f~1(y) — z,.
Hence, conditioned on &1, the integration in the above formula is replaced by summation over the elements in Z.

Since y = f(z + o, w), we have z + o, w € f~1(y). Further, z = 2, + \/v,7, and thus
24 0w — 2p = \JUr +opw € fTHy) — 2, =T.

Let & be the event that there does not exist z € f~!(y) and = # 2 + o,w such that |z + o,w| = |z — 2,|. Then,

on the event £ N &,,
i J7 uN (u;0,v, + 02)du
im

vrto2—0 [N (u;0,v, 4+ 02)du
This is due to the fact that 7 is a discrete set and the term with minimum exponent dominates. Hence,

Vir JruN(u;0,0, + 02)du VU (Yo + ouw)

vrt02,—0 vp + 02, [LN(u; 0,0, + 02)du vy + 02,

— (Vorr + opw) = 0.

:07

Hence, conditioned & N &, we have (see (7))

1 2 Vor JpuN (0,0, + 07 )du
— (z—E2Y, =y, Zy =2])° = (r—
(2= E[ZY, =y, Z = %)) (’" or 02 [ N (40,0, + 02)du

) <T \/@(\/eraww))Q +o(v, +02)

vy + 02

o2r — Uy Oy W 2
(N> + o(v, 4+ 02)

v + 02

2
) + o(v, + va)

Since P(£5) = 0, overall we have

P(T} = 0) = p{ lim  I(&)- [1 (Z ~E[21, Z,])" - ( Wl _ ﬁ”wwﬂ - o}

Vet —0 Uy vp+02 v+ 02

=1
Hence, E[T3] = 0.

Analysis of Ts: Let (z,n,w,r,y, z,) be an instance of (Z, N,W, R,Y,, Z,). From (©@7), we have

2
1 9 VOr - J7uN (u; 0,0, + 02))du
- —-E[Z T - r< —V 1- rlt —
N (2 21y, 2r]) < Ur? ortt vp + 02 IIN(U;O,UT +02)du (©82)

_ - — B VUr fiuN(U;O,l)du 2
_( vz =T —omn = ff/\/(u;071)du> (98b)
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where 7 = 7 iaa = f:/tiyi;; Let &3 be the event that z,. is not on the boundary of f~!(y). Consider the third

term in (O8B) under £ N E;. From the definition of ¢, Z only consists of intervals. If 0 is an interior point of Z,
we have

[N(w 0, 1)du — l’ < ,/\/(u;()7 du = O (6—0/(1)7‘—1-03))) )
T

Fe

where Z¢ = R\f and ¢ > 0 is some constant. Similarly, for the numerator,

/ ulN (u;0,1)du
7

< [ JuN(u;0,1)du = O (efcﬂvv-wi»).
Ic

Hence, when 0 is an interior point of Z, we have

i Vir [z uN(u;0,1)du
or 020 Uy + o2 [;N(u;0,1)du

Next, we decompose S = (z — E[Z|y, z,])* /v, as

S=51(0e(f W) —2)+S10¢ (1) ).

We note that as v, + 02 — 0, we have z, — z. Further, z € f~!(y). Therefore,

lim I(0€(f*'(y)—=2)) =1

vpto2 —0

We have shown in (94) that S < oo. Hence,

lim i(z—]E[Z|y,zT])2: lim S-I(0e(f'(y)—2))+ lLm S-I(0¢(f '(y)—=z))

vr+02 —0 Uy vpt+o2 —0 vpto2 —0

= lim S-I(0e(f'(y)—=2))

vpt+02 —0
= ( Vrz — 1 — vrn)Q.
Since P(£5) = 0, we have

P(T,=0)=P ( lim 1 (z —E[Z]y, z])? (&) = 1 (vrz — V(1 - vr)n)2 ]I(Sg))

Vo2 =0 Uy Uy

=1

Lemma 22. Suppose 02, # 0 and § > 57\|g > 1/d(Y). Define v° = inf{v € [0,1] : g(v,) = 0}. For arbitrary
€ € (0,v°), define

1
v2(02) = sup {v € (0,¢) : mmse,(v,,0%) = (1 - 6) vr} , (99)
where mmse, (v, 02) is defined in (32). Then, the following holds as o2 — 0
ve(on) <C @6 ), (100)

where 0 < C(6, f) < oo is a constant depending on § and f.

Proof: Our proof is mainly concerned with proving the following upper bound of mmse, (v,., 02)) as v, +02 — 0:

mmse, (v, 02) < v, - 2(Z|Y) 4+ o(v,) + C - 02, (101)
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where C' is some constant depending on ¢ and f. Using this, we can upper bound v®(c2) by the solution to the

solution to the following equation:

vy D(Z|Y) +o(v,) +C - 02 = (1 - (13) Uy (102)
Namely, ,
v (03) Cou

which yields the desired result.

The rest of this section is devoted to the proof of (I0T). Lemma [21] shows that the following holds

. 1
vr&}gl_}() - (mmse(v,, 02) — mmseap, (v, 05,)) = 0.

w

As a consequence,

mmse, (v, 02,) = mmseapp vy, 02) + 0(1) - v,.. (103)

In what follows, we prove that the following holds for all v, € (0, 1)

mmseapp (Ui, 05) = mmseapp (vr, 0) + O(02). (104)

We first recall that mmse,,, is defined as

9 2
mmseapp (07, 02) 20, << wh__ ﬁ”ww> H(€1)> o, (RPI(ED))

v+ 02 v+ 02 N (105)
Part 2

Part 1

Clearly, Part one is O(02,). We next show that the difference between Part two and mmse, (v, 0) is O(c2). To

this end, notice that R is correlated with U,, and it is convenient to decompose it as

NG 1— 2
R— LU, + Lzaws’
1403 1403

where S ~ N(0,1) and S L U,. Then,

Part 2 = v, E (R?I(&Y))
2

\/’ITT ]_*’Ur+0'3)
. E Y Ty N (o
Y (1+a§UU e 0 (£1)

2 2
U ap(gey) o Ul =0 T 0u) oo
= T3 o2 B (USHED) + = = (&)

We notice the following facts: (i) U, = Z + 0,,W; (ii) & = (U, € {x : f~*(f(x)) is an interval}). It can be
shown that there exists a constant C' < oo such that the following hold for all v, € (0, 1)

E (U71(EY)) < E(UFIED)|,, o+ C - ou

0w=0
P(EF) < P(E)],, =0+ C -0,
as 02 — 0. We skip the details here. Combining the above arguments proves (T04).
Finally, combining (T03) and (T04), we have

mmse. (v, 02) = mmse,,p (v, 0 = 0) + o(1)v, + O(c2),
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as v, + o2, — 0. Notice that

mmseapp (U, 0y = 0) = E (vTZ — V(1 - vT)N)2 I(&Y)

where without slight abuse of notation £¢ = I(Z € {x : f~!(f(z)) is an interval}) (namely, it is the previous

defined &f at o, = 0). This term has the same behavior as mmse,(v,) for small v,. Here, the O(v,) term is
vp(1 =) - E[N?1(ED)] = v (1 —v,) - 2(Z|Y).

Hence, overall we have

mmse, (v, 02) < v, - 2(Z|Y) 4+ o(v,) + C - 02,

as v, + 02, — 0. ]

B. Main Proof for Lemma[7]

Let g(v,,02) and P(v,,02) be the noisy counterparts of g(v,.) and P(v,.), respectively:

2
v, o2) 216 (1 - mmsev(“”w)) , (106a)
2
P(v,,02) = E {M} —g(v,,02), (106b)

where mmse. (v,-,02) and ¢(v,.,02) are defined in (32) and (33), respectively.

The behaviors of g and P around v, = 0 are different under the noiseless and noisy settings. Specifically,

1-6-dY)<0 ifo2 =0,
lim g(v,,00,) =
vr—0

1 if 02 #0,
which is from the definition of conditional MMSE dimension and the fact that the distribution Pz)y, (where

Y, = f(Z + 0,W)) is absolutely continuous when o2, # 0. Further, from Lemma

0< ¢(0,02) = 1im0¢(vr,012u) < 0.
V>

Hence,
§-dY)—1>0 if 02 =0,
lim0 P(v,,02) = ,
/UT_> ¢(()7UU)) 1

Since ¢g(0) < 0 (where g(v,.) is a shorthand for g(v,,0)), there exists a neighbor of v, = 0 for which g(v,) < 0.
Define
v* = inf{v € [0,1] : g(v,) = 0}. (107)

If g(v,) > 0 for all v, € [0,1], we set v® = 1. Note that P and g are continuous functions of o2 > 0 whenever

v, # 0. Let € € (0,v°) be an arbitrary constant. By continuity, for sufficiently small o2, we have
P(v,,02) >0, Yu, € (e1), (108)

and

gle,02) < 0. (109)
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Since g(0,02) =1, g(v,,02) = 0 has at least one solution in v, € (0,¢). Let v2(c2)) be the largest one, i.e.,

(02) =sup {v e (0,€) : g(v,,00)=0}. (110)

This definition ensures g(v,,02) < 0, Vv, € (v2(02),€) (see (I09)). This further ensures P(v,,02) > 0 for

€

vy € (ve(02),€), since the first term in (T06D) is positive. Together with (TO), we have

P(v,,02) >0 Yo, € (v2(c2),1). (111)
Now, let us define
vi(o2) =sup{v € [0,1]: P(v,,02,) =0}, (112)

which is the fixed point reached by the state evolution. As a consequence of (ITI) and (T12), we have (for small

enough o2)

By the monotonicity of ¢(v,, o2 ) with respect to v, (see Lemma , we have the following for small o2,
d(vr(on,) o0) < G2 (0y,),00)

W (5 1) 02(02) (113)

(®) ,
< (@-1)-C0,f) oy,

where step (a) follows from (T06a) and the fact that v¢(02) is a solution to g(v,,02) = 0, and step (b) is due to

Lemma 22] Together with Lemma [T4] we finally have

02 < $(v*(02),0%) < (6 —1)-C(5, f) - 2. (114)

w

Finally, for small o2, the MSE is given by

MSE} (o7, A)

|
=

From (114), we have

o2 - (E[A™] 4 o(1)) < MSE;(02,A) < (6 —1)-C(5, f) - 02 - (E[A"Y] + 0(1)) .

w

This completes our proof of Lemma [7]
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